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Abstract

The thin element approximation is widely used to predict the diffraction efficiency of thin periodic diffractive optical

elements (DOEs). However, as the period-to-wavelength ratio is reduced, the approximation becomes inaccurate. A

model based on a ‘‘shadow concept’’ can be used to predict the diffraction efficiency with high accuracy. Hereby we

extend the model to include the effect of multi-level staircase structures and non-perpendicular incident angles. We also

present an error map and define regions of validity for the thin element approximation (TEA) and the shadow model.

� 2003 Published by Elsevier B.V.
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1. Introduction

The thin element approximation (TEA) is

commonly used for the design and the analysis of

diffractive optical elements (DOEs). The approach
is valid as long as the feature size is large compared

with the wavelength, and the element thickness is

comparable with the wavelength. However, the

validity breaks down in cases where the period-

length to wavelength ratio decreases, or when the

element is too thick. In such cases, rigorous anal-

ysis (for cases of periodic elements), or numerical

approaches should be used [1–6]. For periodic
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structures, one frequently uses the rigorous cou-

pled wave analysis (RCWA) [1]. The approach,

which is popular within the optics community,

provides a solution for the wave equation by using

a plane wave decomposition of the dielectric con-
stant and by assuming a periodic solution. Al-

though an infinite number of periods is assumed,

the results are sufficiently accurate even for the

case of few tens of periods.

The RCWA approach, although valid for any

‘‘period-length to wavelength’’ ratio, is practically

limited to the analysis of high-resolution gratings.

When the period-to-wavelength ratio is large,
many propagating diffraction orders exist and all

should be taken into account, so that massive

computational efforts are needed. On the other

hand, if the TEA could be used, results would be

obtained immediately. Thus, the importance of
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defining validity regions for the TEA by estimating

the error with respect to grating parameters such

as period, thickness, duty ratio, number of phase

levels, refractive index and angle of incidence is

clear. Several authors [7,8] addressed this issue.

Since TEA breaks down as the period-to-
wavelength ratio decreases, it would be desirable

to develop an approximate model, capable to

predict the diffraction efficiency of DOEs with high

accuracy, even for moderate period-to-wavelength

ratios. An example for such a need is given in [9],

where arrays of Fresnel lenses are discussed. The

deviation from the TEA is specifically mentioned

there, while claiming that for lenses of the size
presented, more accurate analysis would require

enormous computing power.

During the years, several models for the pre-

diction of diffraction efficiency based on the ‘‘thin’’

Born approximation [10] and on the so-called

‘‘shadow effect’’ [11–15] were suggested. Indeed,

the shadow model shows improved accuracy with

respect to the TEA. However, it cannot accurately
predict the diffraction efficiency of a multi-level

DOE, in particular for cases where only few phase

levels exist. Moreover, the proposed shadow

model equations are given only for perpendicular

incident illumination angle.

The motivation of this manuscript is to provide

the reader with the tools to estimate the error

caused by using the TEA and to offer an improved
and extended model capable of calculating the

diffraction efficiency more accurately. Throughout

the manuscript, a multi-level dielectric grating is

used as a test case. The diffraction efficiency of a

multi-level grating as a function of the period-

length to wavelength ratio, the number of phase

levels and the modulation depth was calculated,

and compared with the values predicted by the
TEA. Although some of the data were published in

the literature, we present these data in a more

useful fashion, whereby an error map showing the

relative error vs. the period to wavelength ratio as

well as the grating thickness is computed. More-

over, the validity regions for the various models

are calculated. We present in this work an ex-

tended version of the ‘‘shadow model’’ approxi-
mation, taking into account additional terms

affecting the diffraction efficiency, particularly for
the case of only few phase levels (e.g. binary

grating). The extended model can also cope with

non-perpendicular incident angles. Based on the

extended model, an equation for the diffraction

efficiency is derived, enabling fast calculation of

the diffraction efficiency for the case of multi-level
blazed grating. The equation predicts the results

with high accuracy for regions where the TEA

breaks down, as long as the period length is at

least a few wavelengths.

In Section 2 a comparison between the accu-

rate RCWA results and the TEA prediction is

given. The shadow model is discussed in Section

3. Section 4 presents a refinement of the shadow
model, mainly useful for the unique case of a

blazed grating having only few phase levels. Sec-

tion 5 discusses the results and concludes the

manuscript.
2. RCWA and thin element approximation compar-

ison

Based on the TEA, the diffraction efficiency of

the diffraction order m diffracted by a multi-level

blazed grating with N phase levels, each providing

an additional phase delay of 2pK=N is given by

[12,16]

gðN ;m; kÞ ¼ sinðpm=NÞ
pm

sin½pðm� KÞ�
sin½pðm� KÞ=N �

� �2
:

ð1Þ
It can be shown that non-vanishing diffraction

efficiency terms exist only if ðm� KÞ=N ¼ q, where
q is an integer. For m;K fulfilling this requirement,

fsin½pðm� KÞ�g=fsin½pðm� KÞ=N �g ¼ N . As a re-

sult, the diffraction efficiency can be rewritten as

gðN ;mÞ ¼ sincðm=NÞ; ðm� KÞ=N ¼ q;
0; elsewhere:

� �
: ð2Þ

The maximum diffraction efficiency occurs for

m ¼ K, i.e. when the diffraction and the refraction

conditions are matched. For this reason, the letter

‘‘m’’ will be used from now on both for diffraction

order as well as for phase modulation depth, since
our attention is addressed only towards maximum

diffraction efficiency issues.
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In order to account also for the interface inten-

sity reflection loss, Eq. (2) should be multiplied by

the Fresnel transmission coefficient, 4n=ðnþ 1Þ2,
where n is the refractive index of the material,

and normal incident angle is assumed. In addition,

it is assumed that only one boundary exists (be-
tween the grating structure and the air). The other

boundary (between the substrate and the air) was

eliminated by assuming an identical refractive index

for the DOE and for the adjacent medium. This

assumption would also hold if an AR coating is

applied on the substrate.

The efficiency predicted by the TEA (Eq. (2)) is

obtained by assuming that the field beyond the
DOE is the multiplication of the incident field with

the complex amplitude function of the DOE.

However, such an approximation holds only if the

period-to-wavelength ratio is large enough. If this

is not the case, the exact Maxwell equations should

be solved within the element and the field beyond

it can be found by proper boundary conditions

(for TE and TM polarization states). However,
such exact calculation of the diffraction efficiency

involves massive computation and cannot be ex-

pressed in a single closed equation. Thus, it is al-

ways preferable to utilize the approximate

equation suggested before (Eq. (2)), if conditions

permit. Obviously, before using Eq. (2) one must

be familiar with its validity region, i.e. what are the

parameters for which the above equation is in
good agreement with the accurate RCWA results.

We will base the criterion for ‘‘good agreement’’

on diffraction efficiency considerations.

In order to find the validity regions, the RCWA

approach was used for calculating the diffraction

efficiency of a multi-level blazed grating as a func-

tion of the ratio d=k (where d is the grating period

and k is the wavelength). The calculation was per-
formed for several values of N (where N is the

number of phase levels), and for diffraction orders

m ¼ 1; 2; 3; 4. A refractive index of 1.5 was assumed

for the substrate, so that the Fresnel transmission

coefficient is 0.96. The obtained TE polarization

diffraction efficiency can be seen in Fig. 1. The

horizontal dashed lines represent the diffraction ef-

ficiency values predicted by the thin element ap-
proximation. The results are similar, althoughmore

detailed, to those that can be found in [7].
As can be seen from the above figures, the ac-

curate RCWA efficiency curves converge towards

the TEA values for large period-to-wavelength

ratio, while for small (and even moderate) ratios,

the diffraction efficiency deviates significantly from

the TEA prediction, especially when the element is
thick (i.e. large values of m).

We will now calculate the relative error e be-

tween the accurate results and the results predicted

by Eq. (2), following the definition:

eð%errorÞ ¼ 100
gSðN ;mÞ � gR N ;m; k=dð Þj j

gSðN ;mÞ ; ð3Þ

where gRðN ;m; k=dÞ is the diffraction efficiency

computed by the RCWA approach, d is the grat-

ing period, k is the wavelength and gS is the TEA

result (Eq. (2)).

It is convenient to present the error results by

an error map (see Fig. 2), which shows the rela-

tive error, in percentage points, as a function of

m and d=k (solid curves). The map has been
calculated for the case of 16 phase levels

ðN ¼ 16Þ. As expected, the relative error increases

with the increase of m and the decrease of d=k. It
can be noticed that the constant error curves are

almost linear, and their slope increasing for

higher error values, as also shown by the as-

ymptotic dashed lines. The asymptotic behavior

of these curves is not unexpected, and will be
calculated in Section 3.

By observing the error map, it is clear that low

error values can be obtained only for large d=k
ratios. As an example, for m ¼ 4 an error below

10% will be obtained only if d=k > 23. For such a

case, almost 50 orders of diffraction can propa-

gate. In addition, several evanescent orders should

also be taken into account, so that accurate results
will be obtained only by considering at least 70–80

orders. The importance of using an adequate

number of orders was examined by simulating a

test case, in which the diffraction efficiency of an

8-level blazed grating (m ¼ 2; d=k ¼ 40) was cal-

culated for a number of orders. The results are

presented in Fig. 3. One notes that when the

number of orders is too small, the diffraction effi-
ciency oscillates. Although the magnitude of the

oscillations is relatively small in this case, higher

magnitude may be exhibited for other cases. Only



Fig. 1. Diffraction efficiency obtained using the RCWA approach vs. d=k for various values of N ;m. (dashed lines: the asymptotic

prediction of the TEA).

Fig. 2. The error map. Solid lines: results obtained by using Eq.

(3); dashed lines: results obtained by using Eq. (17).

Fig. 3. Diffraction efficiency vs. number of orders ðN ¼ 8; m ¼
2; d=k ¼ 40Þ.
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Fig. 4. The geometry of the suggested model.
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by using a sufficiently high number of orders, the

results stabilize and converge.

When many diffraction orders (say 100) are

kept, the required matrices for calculating the field

using the RCWA approach become large. As-

suming 100 orders, there are 400 complex un-
knowns and the same number of equations,

meaning that we have to invert a matrix of

400� 400 complex elements. Although nowadays

such computation can be easily performed, ap-

plying an optimization algorithm for the design of

such DOEs based on the RCWA approach would

still be a time consuming task. Thus, if a model

capable to predict accurately the diffraction effi-
ciency for moderate values of d=k could be de-

rived, it would provide significant advantages.

Such a model is presented in the following section.
3. The shadow model

In this section we describe an extended TEA
model, providing better prediction of the diffrac-

tion efficiency. The presented model is based on

ray optics considerations. Normally, incident rays

are assumed to propagate within the DOE without

any deflection (extension to non-perpendicular

incident angles is given later on). Deflection occurs

at the outer surface, from which the rays emerge

out of the DOE. The deflection angle of the out-
going rays is given by the grating equation.

According to the model, the diffraction effi-

ciency predicted by the TEA is reduced due to two

main reasons.

3.1. ‘‘Shadow’’ between two neighboring periods

This loss mechanism, which was suggested
earlier [11–15], is sketched in Fig. 4. As can be

seen, the emerging rays exhibit a ‘‘dead zone’’

(marked by the letter ‘‘V’’), reducing the diffrac-

tion efficiency. A similar ‘‘dead zone’’ is exhibited

also when the reverse case is analyzed, i.e., light

incident from the non-flat surface. In that case,

some rays are actually blocked, leading essentially

to the same result. For first-order of diffraction,
the ratio of the dead zone to the grating period is

given by [11–14]
SH1 ¼
khT

d2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k=dð Þ2

q ; ð4Þ

where SH1 is the ‘‘inter period shadow’’. For the

m�s order of diffraction it can easily be shown that

the inter period shadow is given by

SH1 ¼
mkhT

d2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðmk=dÞ2

q : ð5Þ

Here hT is the grating depth, i.e.

hT ¼ N � 1

N
mk

ðn� 1Þ : ð6Þ

By using the grating equation

dðsinðhoutÞÞ ¼ mk; ð7Þ
where hout is the angle of the outgoing ray (mea-

sured from the DOE normal), one obtains

SH1 ¼
N � 1

N
m

n� 1

k
d
tanðhoutÞ: ð8Þ

3.2. ‘‘Shadow’’ between two neighboring ‘‘stairs’’

(phase levels)

While some of the outgoing rays are free to

propagate, others, coined ‘‘shadow rays’’, will hit a

‘‘barrier’’ which is the steep wall of the next phase

level, as shown in Fig. 4. This intra-period loss is
associated with the additional ‘‘shadow rays’’ that

cannot propagate, thus further reducing the dif-

fraction efficiency (for the specific order for which

the grating was optimized for). To the best of our

knowledge, this additional shadow factor has not

been taken in consideration previously, most likely

since the shadow analysis was derived for contin-

uous structures initially.



Fig. 5. Comparison of the RCWA and the shadow model:

m ¼ 2. Solid line: RCWA results. Dashed line: shadow model

results.
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Simple trigonometry indicates that an emerging

ray will be blocked if its lateral location (measured

from the left edge of the step) is larger than

T ¼ hi tanðhoutÞ; ð9Þ

where hi is the height of each barrier, given by

hi ¼
hT
N

¼ mk
Nðn� 1Þ : ð10Þ

We should note that only N � 1 out of N steps are

experiencing the shadow effect, since rays hitting

the upper step are not obstructed. Therefore, the

relative shadow area is given by

SH2 ¼
N � 1

N
T

d=N
¼ N � 1

N
m

n� 1

k
d
tanðhoutÞ:

ð11Þ
One readily sees that SH1 ¼ SH2, i.e. the two

shadow effects are quantitatively identical. As will

be shown later, this equality does not hold for non

perpendicular incident angles. The predicted dif-

fraction efficiency is obtained by subtracting these

two shadow sources from the TEA prediction

g m;N ;
k
d

� �
¼ 4n

nþ 1ð Þ2
sinc

m
N

� 	h i2

� 1

�
� 2

N � 1

N
m

n� 1

k
d
tanðhoutÞ

�
:

ð12Þ

As can be seen from the above expression, the

shadow effect is twice larger than that calculated in

previous publications.

The shadow effect can be reduced by using a

blazed-binary structure [11], whereby phase mod-
ulation is achieved by controlling the effective index

rather than having a surface relief element. As a

result, rays are gradually bent within the structure.

By comparing our model to accurate results,

obtained by the RCWA approach, we estimate

that Eq. (12) can be used with relatively high ac-

curacy as long as the total efficiency does not drop

to less than 50% of the original TEA prediction,
i.e. as long as

N � 1

N
m

n� 1

k
d
tanðhoutÞ < 0:5: ð13Þ
Upon substituting tanðhÞ � sinðhÞ and applying

Eq. (7) one gets

d
k
> m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN � 1Þ
Nðn� 1Þ

s
: ð14Þ

For a typical case of N ¼ 16; n ¼ 1:5 (glass)

and m ¼ 2, Eq. (12) is valid for d=k > 3:9, whereas
the TEA yield accurate results only for d=k > 15

(assuming accuracy of �10%, see Fig. 2). If an

accuracy of 5% is needed the above ratio increase
towards d=k � 40.

Figs. 5 and 6 demonstrate the higher accuracy

obtained by using the ‘‘shadow model’’, in com-

parison to that of the TEA. Refractive index of 1.5

and perpendicular incident angle were assumed.

The solid line represents the results obtained by

using the RCWA approach, while the dashed lines

were calculated according to the shadow model.
One readily sees that the above model can be used

as a good predictor for the diffraction efficiency.

For the case of binary grating, or binary equiva-

lent, defined by N=m ¼ 2, the model is less accu-

rate. This case will be discussed later. It is clear

from these curves that as long as one seeks to

evaluate the diffraction efficiency and good esti-

mates rather than exact results are sufficient, the



Fig. 6. Comparison of the RCWA and the shadow model:

m ¼ 3. Solid line: RCWA results. Dashed line: shadow model

results.
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RCWA approach can be replaced by the approx-

imated simple equation (Eq. (12)), as long as the

grating parameters are within the region of valid-

ity, defined in Eq. (14). We also note that the
Fig. 7. Efficiency vs. d=k for several values of refractive index. Plus:

n ¼ 2. Calculation made for the case of m ¼ 3 and N ¼ 15.
RCWA curve fits our present shadow analysis re-

sult (Eq. (12)), if the factor 2 is adopted.

From Eq. (12) it can be noticed that the shadow

effect increases for smaller values of the refractive

index n. This should be expected since for low in-

dex materials, thicker elements should be fabri-
cated in order to achieve the same phase

modulation, and thus additional portion of the

diffracted rays is blocked. One would thus expect

to obtain higher diffraction efficiency by using high

index materials. However, at the same time the

Fresnel reflection coefficient also increases due to

the higher refractive index values. To examine

these trade-offs, the diffraction efficiency versus the
ratio of the period-length to wavelength was cal-

culated using the RCWA approach for several

values of the refractive index n. Values of m ¼ 3

and N ¼ 15 were assumed. The results, presented

in Fig. 7, meet the expectations. For small period

to wavelength ratios, the shadow effect is indeed

dominant and diffraction efficiency increases with

the increase of the refractive index. On the other
hand, for large period-to-wavelength ratios, where

the shadow effect is negligible, the Fresnel coeffi-

cient is dominant and the efficiency is reduced with
n ¼ 1:2; circle: n ¼ 1:4; square: n ¼ 1:6; dashed: n ¼ 1:8; solid:



Fig. 8. Non-perpendicular incident angles: top, positive inci-

dent angle; bottom, negative incident angle.
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the increase of the refractive index, in view of the

Fresnel coefficient only.

The shadow model will now be used in order to

gain additional insight to the results presented in

Fig. 2. By replacing the rigorous diffraction effi-

ciency gR with the diffraction efficiency of the
‘‘shadow model’’ gSH, the relative error with re-

spect to the thin element approximation is given

(for the case of n ¼ 1:5) by

%error ¼ 100 � 4m
N � 1

N
k
d
tanðhoutÞ

� �
: ð15Þ

For large ratios of period-length to wavelength

one has tanðhoutÞ � sinðhoutÞ ¼ mðk=dÞ. Assuming

a large number of phase levels (so that ðN � 1Þ=
N ! 1), the relative error can be expressed as

%error � 100 � 4m2 k
d

� �2

: ð16Þ

Thus, for a constant error value there is a linear

relationship between the grating height and the

ratio of period-length to wavelength

m � d
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
%error

400

r
: ð17Þ

Inspection of Fig. 2 indeed reveals that the slope

increases with the square root of the error.
So far, normal incident angles have been as-

sumed. The shadow concept holds for non-per-

pendicular angles as well (see Fig. 8), as long as

relatively small incident angles are assumed. Three

relevant factors should be addressed:

(A) The outgoing angle, hout, used for comput-

ing the shadow effect is now found by using the

generalized grating equation

dðsinðhoutÞ � n sinðhinÞÞ ¼ mk: ð18Þ
(B) The TE polarization Fresnel transmission

coefficient increases. It now becomes

T ¼
4n cos hinð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2 sin2 hinð Þ

q
n cos hinð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2 sin2 hinð Þ

q� �2 : ð19Þ

(C)For non-perpendicular angles the phase delay

increases in view of a longer path within the mate-
rial, resulting in a decrease of the diffraction effi-

ciency. According to [12], the phase delay is given by
/ðhÞ ¼ 2p
k
h n cosðhinÞ
�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2 sin2 ðhinÞ

q �
; ð20Þ

where h is the normal depth of the grating. Thus,

the relative phase error is

r ¼ /ðhÞ
/ðh ¼ 0Þ ¼

n cosðhinÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2 sin2 ðhinÞ

q
 �
n� 1

:

ð21Þ
The relation between hout and hin is provided by

Snell�s law. This approximation seems to yield

reasonable results.

A distinction should be made between negative

and positive incident angles, as demonstrated in
Fig. 8. While for positive incident angles the sha-

dow terms are still valid (provided that the re-

strictions mentioned above are taken into

account), the case of negative incident angles re-

quires further analysis.

(1) Shadowing between neighboring periods –

as shown in Fig. 8, a ‘‘critical ray’’ (i.e. the ray that

impinge on the edge of a period) having a negative
incident angle will emerge from the grating at a

distance V compare with the next ray (going
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through the next period), thus creating a ‘‘void’’,

reducing the diffraction efficiency. By assuming

large number of phase levels (i.e. smooth profile),

and by using several simple trigonometric rela-

tions, this distance (normalized by the grating pe-

riod) is found to be

SH1 ¼
V
d
¼ N � 1

Nðn� 1Þ
mk
d

tgð�hinÞ

�
1� N � 1

Nðn� 1Þ
mk
d tgðhoutÞ

1� N � 1
Nðn� 1Þ

mk
d tgðhinÞ

2
64

3
75: ð22Þ

(2) Shadowing between neighboring ‘‘stairs’’ –
some of the incident rays hit the vertical wall of the

phase step, and considered to be lost. The portion

of these rays is given by

SH2 ¼
N � 1

N
m

n� 1

k
d
tanð�hinÞ: ð23Þ

Moreover, since the outgoing angle can still be

positive (for mðk=dÞ > n sinðhinÞ), emerging rays
may still hit the phase step barrier. As a result, the

total shadow resulted in by the staircase structure

is now given by
Fig. 9. Efficiency vs. d=k for several values of incident angles. So
SHTot
2 ¼ N � 1

N
m

n� 1

k
d
tanð�hinÞ þ

N � 1

N

� m
n� 1

k
d
tanðhoutÞHðhoutÞ; ð24Þ

where HðxÞ is the Heaviside function, defined as

HðxÞ ¼ 1; xP 0;
0; xP 0:

�

As can be seen the two shadow factors are no
longer identical.

Taking into account these two shadow factors,

the expected efficiency is now given by

g¼
4ncosðhinÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�n2 sin2 ðhinÞ

q
ncosðhinÞþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�n2 sin2 ðhinÞ

q� �2 sinc r
m
N

� 	h i2

�

1�2k tanðhoutÞ½ � if hinP0;
1� k tanðhoutÞHðhoutÞ� k tanð�hinÞ
�k tanð�hinÞ 1� k � tgðhoutÞ

1�k � tgðhinÞ

� �
if hin < 0;

8>><
>>:

9>>=
>>;

ð25Þ
where

k ¼ N � 1

N
m

n� 1

k
d
:

lid: )0.2 rad; square: )0.1 rad; circle: 0 rad; plus: +0.1 rad.



Fig. 10. Efficiency vs. d=k for several values of incident angles.

Solid line: RCWA results; dot-dashed line: shadow model

results.
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The diffraction efficiency vs. d=k was calculated
using the RCWA approach for several incident

angles. Values of N ¼ 15, m ¼ 3 and n ¼ 1:5 were

assumed. The results are plotted in Fig. 9.

Fig. 10 compares the results predicted by the

shadow model with the accurate results computed

according to the RCWA approach. It is clear that

the model can track the general efficiency trend,

although some deviations can be observed.
4. Model extension – coupling of higher orders

As indicated in the previous section, the accu-

racy of the shadow model decreases for small

number of phase levels. In particular, this is true

for the binary equivalent grating (N=m ¼ 2) and to
some extent for N=m ¼ 3, as well. This section

provides a physical explanation, and proposes to

extend the model so that it can cope better with

these highly quantized gratings.

The reason for the deviation of the predicted

results can be understood by considering the case

of a binary grating. Neglecting Fresnel reflection,

the diffraction efficiency predicted by the TEA is
�40%. Due to symmetry one should expect a total

of 50% diffraction efficiency for all positive orders

(and a similar amount for the negative orders), so
that �10% of the energy should be carried by

higher positive diffraction orders. However, for

low period to wavelength ratio, some of these

orders cannot propagate since pðk=dÞ > 1 (where p
is the diffraction order). Moreover, other orders

that can propagate will undergo significant shad-
owing, generally larger in comparison with the

shadow of the m�s order (which according to TEA

model is the lowest order capable of carrying en-

ergy). Since energy conservation must be fulfilled,

these orders are expected to be coupled into lower

orders, raising the total energy diffracted by the

m�s order.
Following the above discussion, the shadow

model can now be refined. We are making a

brought force analysis by assuming that the por-

tion of the energy potentially carried by the posi-

tive higher diffraction orders but blocked by the

shadow effects is coupled into the main diffraction

order (the m�s order). Using Eq. (2), the antici-

pated diffraction efficiency is now given by

g m;N ;
k
d

� �

¼ 4n

ðnþ1Þ2
sinc

m
N

� 	h i2
1

�(
�2

N�1

N
m

n�1

k
d
tanðhoutÞ

�

þ
X1
q¼1

sinc
p
N

� 	h i2
�max 2

N�1

N
m

n�1

k
d
tanðhoutÞ;1

� �)
;

ð26Þ

where q ¼ ðp � mÞ=N and hout is given by

the grating equation (Eq. (7)) ðm is now replaced

by the diffraction order p).
We will now use Eq. (26) to calculate the dif-

fraction efficiency of four different multi-level

blazed gratings ðm ¼ 2, m ¼ 3, N=m ¼ 2,

N=m ¼ 3Þ. The results are given in Fig. 11. For

comparison purposes, we also present the results

obtained by the RCWA approach as well as the

prediction of the basic model (Eq. (12)). As can be

seen, the refined model that takes into account
high orders of diffraction coupled into the main

one (dotted curve) predicts the diffraction effi-

ciency with much higher accuracy compared to the

basic model (dashed curve), particularly for

equivalent binary gratings ðN=m ¼ 2Þ.



Fig. 11. Efficiency vs. d=k for highly quantized gratings. Solid

line: RCWA results; dashed line: basic shadow model results;

dotted line: refined model.
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5. Discussion and conclusions

The diffraction efficiency of DOEs is a key pa-

rameter in the design of DOE based systems. By

using the TEA the efficiency of a periodic DOE

can be calculated easily, using a well-known

equation. Unfortunately, the TEA is valid only for

large period-length to wavelength ratio, and for

thin DOEs. Nowadays, many DOEs do not fall

into this category, mainly as a result of improved
fabrication equipment, and the capabilities of

fabricating sub-micron structures, with high aspect

ratio.

The diffraction efficiency of a periodic DOE can

be found rigorously, by applying a computer al-

gorithm (such as RCWA). However, applying the

algorithm require massive computational efforts

and large memory, especially when the period-
length to wavelength ratio increases.

We compared accurate diffraction efficiency

results (obtained by RCWA) with the TEA values,

and established an error map, predicting the error

caused by using the TEA for various values of

period-length to wavelength ratio and phase

modulation factor m (represent a maximal phase

modulation of 2pm). It turned out that for mod-
erate period to wavelength ratio (order of magni-

tude of 5–50) the results obtained by the TEA are
not accurate. In order to overcome this difficulty, a

shadow model was suggested.

The suggested approach is an extension of

previously published models, and based on ray

optics considerations. The diffraction efficiency

predicted by the TEA was corrected by subtracting
rays that cannot propagate due to shadows that

appear as a result of the staircase structure and of

the transition between two adjacent periods. Using

the suggested model, an equation predicting the

diffraction efficiency as a function of the period-

length to wavelength ratio, the phase modulation

factor and the number of phase levels with sur-

prisingly high accuracy was developed. The
suggested model was also extended to cope with

non-perpendicular incident angles and with

highly quantized (e.g. binary or equivalent binary)

gratings.
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