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A new, to our knowledge, iterative algorithm for achieving optimization of beam profiles in a three-
dimensional volume is presented. The algorithm is based on examining the region of interest at discrete
plane locations perpendicular to the propagation direction. At each such plane an intensity constraint
is imposed within a well-defined transverse spatial region of interest, whereas the phase inside that
region as well as the complex amplitude outside the region is left unchanged from the previous iteration.
Once the optimal solution is found, the mask that generates the desired distribution can be readily
implemented with a planar diffractive optical element such as a computer-generated hologram. Several
computer simulations verified the utility of the proposed approach. © 1999 Optical Society of America
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1. Introduction

The control of a beam profile along a three-
dimensional ~3-D! region in space is an important
task in various applications such as optical scanners,
displays, laser printers, and medical applications.
It would be helpful to use a single diffractive optical
element ~DOE! to obtain any desired 3-D beam
within a given volume. However, there is a major
obstacle that prevents the use of a DOE in this way:
The beam function must be a physical function that
obeys the wave equation ~or the Helmholtz equation
for monochromatic illumination!. For example,
achieving a perfect Gaussian beam profile that re-
mains unchanged while it propagates along the Z
axis is impossible, even for a limited range, although
such a beam could be helpful in a large variety of
applications. Any attempt to achieve 3-D beam
shaping must take this limitation into account.

A large number of approaches to achieving 3-D
beam shaping have been tried during the past 20
years, including many attempts to obtain the so-
called nondiffracting beams, i.e., rays that preserve
their spatial properties while they are propagating
along the Z axis. The trivial case of plane waves
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that are essentially nondiffracting beams is of no
practical interest. Durnin1 proposed an exact non-
diffractive solution of the scalar wave equation: the
Bessel beam. Unfortunately, this beam, which is
essentially the equivalent of a collection of plane
waves propagating along a conical surface, although
it is interesting from a theoretical point of view, is of
no practical use because it is unbounded and its gen-
eration requires an infinite amount of energy.
Therefore the exact implementation of such beams is
not possible. An approximate implementation of
this kind of beam was achieved with DOE’s.2

Gori et al. made an additional interesting attempt to
achieve nondiffracting beams by defining a Gauss–
Bessel beam.3 The basic idea is to investigate the
product of a Bessel beam and a Gaussian profile.
Such a beam carries finite energy, and in spite of its
possessing some diffraction sensitivity that is due to
the Gaussian profile, its diffraction spread is less than
that of an ordinary Gaussian. However, this ap-
proach is a kind of smart guess and does not promise
optimal reduction of the beam spread. In addition, it
does not allow arbitrary 3-D beam shaping to be
achieved.

Other attempts to achieve nondiffracting beams,
based on an iterative approach, were suggested by
Rosen4 and by Piestun et al.5 In both of those papers
it was shown that 3-D beam shaping might be
achieved by use of the projection-onto-constraints
sets algorithm, which is based on performing free-
space propagation from one discrete plane to the next
plane along the Z axis. At each plane, the function
obtained is replaced by the desired constraints. The
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replacement is then followed by propagation to the
next plane. After the last plane is handled, free-
space backpropagation is performed on the filter, and
another iteration is initiated. The process can be
stopped by any desired criterion to be defined. How-
ever, the suggested algorithm is a serial one; there-
fore it assigns larger weight to the far planes than to
the near planes. Moreover, if the constraint in one
plane is far-fetched, there is a high probability that
the algorithm will not yield reasonable results.

In this paper we present a new algorithm for
achieving 3-D beam shaping. Although in principle
any desired shape can be implemented ~with some
acceptable error, as will be discussed!, we have fo-
cused on the nondiffracting beam as an example that
permits comparisons with other solutions. The pro-
posed algorithm is based on a parallel rather than a
serial computation; i.e., all planes are computed at
one time, and the generating filter is built from av-
eraging the backpropagation distribution from all the
above data rather than by changing one plane at a
time and propagating to the next one based on that
change. The proposed algorithm seems to yield bet-
ter results, at least for cases that have been exam-
ined, and also provides faster convergence. The
output of the algorithm provides the resultant ampli-
tude function. The above function can be imple-
mented by use of a single phase-only filter in either
an off-axis mode6 or an on-axis mode.7 Alterna-
tively, the implementation of the complex amplitude
function with higher efficiency in the treatment of
light can be obtained with two phase-only filters sep-
arated by some propagation distance.8,9 It should be
mentioned that a method related to the proposed ap-
proach has already presented.10 That method uses
a Ping-Pong algorithm to produce 3-D displays by use
of twisted nematic liquid crystals. The 3-D display
task can be characterized by the small separation
between discrete cross sections. Therefore the
shape must change slowly between consecutive
planes. In addition, high spatial resolution is
needed for achieving high-quality reconstruction.
Therefore we are focusing our research on 3-D beam
shaping rather than 3-D displays.

The proposed approach is described in Section 2.
In Section 3 we discuss the limitations of this ap-
proach. Computer simulations are finally given in
Section 4.

2. Proposed Algorithm

Figure 1 illustrates the 3-D volume under consider-

Fig. 1. Schematic of the optical setup including the volume of
interest the ~VOI!.
1

ation, in which a given light distribution should be
generated. The basic assumption is that, outside
that volume, no constraints exist. The proposed al-
gorithm is based on sampling the Z axis at N perpen-

icular planes ~cross sections! that are arbitrarily
ocated. As a starting point for the process, we as-
ume an initial random complex amplitude distribu-
ion, located at Z 5 0 and represented by u~x, y, 0!.

Free-space propagation ~FSP! is then calculated from
that plane to each one the N cross sections simulta-

eously. The FSP is achieved by use of the
uygens–Fresnel formula11

ui~x, y, zi! 5
zi

jl ** u# ~x9, y9, 0!

3
exp$ jk@zi

2 1 ~x 2 x9!2 1 ~y 2 y9!2#1y2%

zi
2 1 ~x 2 x9!2 1 ~y 2 y9!2

3 dx9dy9, i [ ~1, 2, . . . , N!, (1)

where l is the wavelength and k 5 2pyl.
The next step is to apply an appropriate constraint

to each cross section. Any constraint should be
bounded within the predefined VOI. Outside that
region, the function that is obtained is left un-
changed. In addition, the phase obtained within the
region should be kept unchanged as well. Mathe-
matically, the new function at a cross section zi can be
described as

u# ~x9, y9, zi! 5

Hhg~x9, y9, zi!exp( j$phase@u~x9, y9, zi!#%) ~x9, y9! [ RO
u~x9, y9, zi! otherwise ,

(2)

where g~x9, y9, zi! is the amplitude constraint at plane
zi and h is an efficiency coefficient that enables the
energy inside the window ~RO! to be controlled.

From the set of functions u~x9, y9, zi! one can cal-
culate the distribution at Z 5 0 by using free-space
backpropagation from each plane Zi:

ui~x, y, 0! 5
2zi

jl ** u# ~x9, y9, zi!

3
exp$2jk@zi

2 1 ~x 2 x9!2 1 ~y 2 y9!2#1y2%

zi
2 1 ~x 2 x9!2 1 ~y 2 y9!2

3 dx9dy9. (3)

The filter for the next iteration can be calculated as a
weighted average of the set obtained:

ul~x, y, 0! 5 (
i51

N

wiui~x, y, 0!, (4)

where wi is a set of weighting coefficients and l is the
iteration number. The default option is to use wi 5
1yN ~equal weight for each plane!, although other

ossibilities can be chosen if some planes are more
ignificant for the user than others.
The entire sequence above is defined as a single
0 November 1999 y Vol. 38, No. 32 y APPLIED OPTICS 6733
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iteration. One should repeat the procedure several
times to achieve reasonable convergence. Possible
criteria for ending the process are either completion
of a limited number of iterations or arriving at some
defined error metric. A block diagram of the pro-
posed algorithm is shown in Fig. 2.

As we discussed above, it is obvious that obtaining
any arbitrary desired 3-D beam shape profile is im-
possible unless the shape obeys the wave equation.
In general, practical constraints do not fall into this
category ~do not obey the wave equation!. However,
the proposed algorithm, which is a Ping-Pong-style
algorithm,12 eventually converges toward a solution
that might minimize the square error. Unfortu-
nately, the algorithm suffers from the same draw-
back that is common to this family of algorithms:
the minimum might be a local minimum instead of a
global one. The random initial guess should be such
that it will lead to achieving the global minimum.
Another technique is to implant some perturbation

Fig. 2. Block diagram of the proposed algorithm.

Fig. 3. Profiles at various longitudinal cross sections: crosses,
the profile obtained by the algorithm; open circles, the Gaussian
profile. ~a! Z 5 Z0, ~b! Z 5 Z0 1 0.45 m, ~c! Z 5 Z0 1 0.9 m, ~d!
Z 5 Z0 1 1.35 m.
734 APPLIED OPTICS y Vol. 38, No. 32 y 10 November 1999
within the process by means of simulated annealing.
Such perturbations have the ability to get the solu-
tion out of the local-minimum well.

Another issue is that no constraints are applied for
the regions between the adjacent planes, whereas one
is interested in controlling the intensity distribution
at all planes located inside the volume of interest.
In principle, applying the above constraints at N
planes does not promise the achievement of the de-
sired intensity distribution between these planes.
One simple way to overcome this obstacle is to choose
a large number of planes ~large N value! and thus to
decrease the distances between the discrete planes.
Unfortunately, such a solution requires a large com-
putational effort and is time consuming. However,
with the appropriate choice of constraints, a small N
value may be sufficient. Another way to overcome
this problem is to avoid using equally spaced planes.
However, a better choice should be based on an ap-
proximation of a physically realizable beam with im-
proved characteristics, for example, a modified
Gaussian beam that is forced to maintain constant

Fig. 4. Image of the profile obtained by the algorithm versus
propagation distance.

Fig. 5. Same as Fig. 4 for a conventional Gaussian beam with the
same waist.



lateral dimensions below the conventional Gaussian
beam spread, as we discuss in Section 3 below.

As a result of a comprehensive trial-and-error study,
we obtained the following rule of thumb: To make the
best of the proposed algorithm it is advisable to apply
constraints that make use of as many degrees of free-
dom as possible. In practice one should make calcu-
lations based on as many pixels as possible. As a
contrary example, if one will define a 3-D beam-
shaping task of achieving a delta function surrounded
by a large region of zero energy, no degrees of freedom
will be left, and a poor solution will be obtained.
Hence to increase the relative number of degrees of
1

freedom one should avoid increasing the VOI size more
than necessary.

3. Computer Simulations

To demonstrate the capabilities of the proposed ap-
proach, we performed some computer simulations.
The first set of simulations was based on a Gaussian
profile. As a constraint we used a Gaussian beam
with a waist of 0.5 mm ~located at Z0 5 1.65 m! and
required that the beam spread 80% less than an or-
dinary Gaussian beam. We applied this constraint
to 11 planes. The distance between two adjacent

Fig. 6. MTF obtained at eight
equally spaced longitudinal planes
~Z0 2 0.4: Z0 1 0.4 m!.
0 November 1999 y Vol. 38, No. 32 y APPLIED OPTICS 6735
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planes was 27.5 cm, the total propagation distance
was 2.7 m ~Z0 6 1.35 m!, and l 5 0.632 mm. We
used only 50 iterations to emphasize the fast conver-
gence rate. In Fig. 3 the cross sections of the beam
that we obtained are displayed at four different
planes ~Z 5 Z0, Z 5 Z0 1 0.45 m, Z 5 Z0 1 0.9 m, and

5 Z0 1 1.35 m!. For comparison, cross sections of
a conventional Gaussian beam with the same waist
at Z 5 Z0 are also presented. The beam behaves
symmetrically for Z0 2 1.35 , Z , Z0. Figure 4 is
an image of the beam’s lateral profile relative to the
propagation distance ~Z!. Figure 5 is the same im-
ge for a conventional Gaussian beam with the same
aist at Z 5 Z0. From these figures one can see that

a higher confinement of the beam has been achieved
by the proposed approach. The waist is approxi-
mately one half of the Gaussian waist at the VOI edge
~Z 5 1.35 m!. Note that the task has been achieved
in the whole 3-D VOI ~not only in the discrete planes!.
The DOE dimensions are 6 3 6 mm. 256 3 256
pixels were used; therefore the feature size is ;23.5
mm. We ignored the phase quantization, assuming
that with current technologies ~as many as 32 phase
levels! the quantization effect is negligible.

As an attempt to confront a practical aspect of the
problem we carried out another set of computer simu-
lations. The task now is to form a beam that, when it
is used for scanning, provides a modulation transfer
function ~MTF! response that is higher than 8% for
frequencies of as many as 4.1 line pairs per millimeter
within the VOI. These properties should be main-
tained for a propagation distance of 0.8 m. The MTF
is calculated as the Fourier transform ~FT; along the X
direction! of the line-spread function. Thus it is given
by

MTF@u~x, y!# 5

UFTF*
2`

`

uu~x, y!u2dyGU
UFTF*

2`

`

uu~0, y!u2dyGU , (5)

s an initial guess we chose the optimal Gauss–
essel beam ~according to Ref. 9 for this task:

uu~r!u 5 UexpF2S r
wD2GJ0S2p

l
arDU , (6)

where w 5 0.95 mm, a 5 1.32 e 2 3, and l 5 0.632 mm.
he MTF’s at several planes can be seen in Fig. 6. As
xpected, the best MTF response was obtained in the
iddle of the region, and some degradation can be

bserved toward the edges. Nevertheless, the task of
ight confinement with limited spread has been
chieved. For comparison, the ordinary Gauss–
essel beam possesses 10% less working range for the
ame MTF parameters. The addition of the Bessel
eam in Eq. ~6! provides an effective waist of the

Gauss–Bessel beam of only 0.133 mm. We estimated
this value by assigning the Bessel argument a value of
1.75. For this value, the Bessel function falls to 1ye of
736 APPLIED OPTICS y Vol. 38, No. 32 y 10 November 1999
ts maximal value. For such a waist value the Gauss-
an beam’s active range ~assuming the same MTF pa-
ameters! is only 0.15 m. As before, we used 6 mm 3
mm DOE with 256 3 256 pixels; therefore a feature

ize of 23.5 mm has been assumed. Again, phase
uantization was ignored.

4. Conclusions

A novel algorithm for achieving three-dimensional
beam formation within a predefined volume of inter-
est ~VOI! has been proposed. The algorithm is an
terative one and is based on dividing the 3-D space
nto discrete planes ~cross sections! that are perpen-
icular to the direction of propagation. At each
ross section an intensity constraint is imposed inside
he VOI and the phase inside that volume, as well as
he complex amplitude outside the volume, is left
nchanged from the value obtained in the previous

teration. This approach can be implemented with a
iffractive optical element ~DOE! such as a computer-
enerated hologram ~CGH!.
Several cases related to the generation of confined

eam have been studied and demonstrated by com-
uter simulations. The results indicate that im-
roved 3-D beam shaping can be achieved by this
pproach and that practical problems can be treated.
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