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Efficiency analysis of diffractive lenses

Uriel Levy, David Mendlovic, and Emanuel Marom

Faculty of Engineering, Tel-Aviv University, 69978 Tel-Aviv, Israel

Received October 15, 1999; revised manuscript received May 30, 2000; accepted July 25, 2000

Multilevel diffractive optical elements are necessary for achieving high-efficiency performance. Here the dif-
fraction efficiency of a multilevel phase-only diffractive lens is analyzed. Approximate, as well as more accu-
rate, approaches are presented. Both plane-wave and Gaussian illumination are discussed. It is shown that
for many practical cases the diffraction efficiency can be determined by only a single parameter that takes into
account the spatial bandwidth product as well as the focal length of the lens and the illumination wavelength.
The analysis is based on the scalar theory and the thin-element approximation. Justification for doing this is
presented. The results are valid for lenses with at least F/5. © 2001 Optical Society of America
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1. INTRODUCTION
Diffractive lenses have been well known for many years.
The first diffractive lens was the zone plate, suggested
and implemented by Lord Rayleigh in an unpublished
work from 1871. He showed that a light beam can be fo-
cused by using an alternating black and white zone struc-
ture, with gradually decreasing period. A very early
short summary of zone-plate properties can be found in
Ref. 1. Lord Rayleigh also noted that the light intensity
obtained at the focus could be multiplied by a factor of 4 if
the black areas were replaced by a phase-shifting mask,
as also described in Ref. 1. It can be said that this
binary-phase zone plate was the first phase-only diffrac-
tive element.

Although zone plates were widely used over a long pe-
riod of time, it took several more decades to fabricate a
multilevel phase-only diffractive lens, probably because of
the lack of advanced technology, mainly advanced photo-
lithographic processes. However, today multilevel
phase-only diffractive lenses are very common.2,3

The diffraction efficiency of the diffractive optical ele-
ment (DOE) is determined mainly by the amount of phase
quantization, i.e., by the number of phase levels available.
Based on the scalar-theory approximation and the thin-
element approximation, the diffraction efficiency of dif-
fractive lenses can approach 100%, provided that a large
number of phase levels can be accommodated. It is com-
mon to think that the number of phase levels is limited by
the depth resolution of the fabrication equipment (or by
the number of lithographic masks if a binary-optics4 fab-
rication process is assumed). Nevertheless, the space–
bandwidth product might also limit the number of phase
levels. For example, for a minimal feature size of 5 mm, a
0.5-mm wavelength, and F/10, only two phase levels will
be available at the edges of the lens. Owing to the above
quantization, lens performance will be suppressed signifi-
cantly. Several authors have tried to face these limita-
tions and improve diffractive-lens performance.5–9

Although the diffraction efficiency of diffractive lenses
has been analytically analyzed before,6 the analysis was
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based on several approximations, which might not reflect
the real behavior of the lens.

In this paper a detailed calculation of the diffraction ef-
ficiency as a function of the diffractive-lens parameters is
given. Approximate as well as more accurate expres-
sions for the diffraction efficiency of diffractive lenses are
given. Both a one-dimensional lens (cylindrical lens) and
a two-dimensional lens (spherical lens) are discussed. In
addition to the conventional plane-wave illumination, the
interesting case of Gaussian illumination is also dis-
cussed.

Section 2 provides approximate expressions. In Sec-
tion 3 more accurate results are given. Section 4 com-
pares the two approaches. The comparison is based on
several computer simulations. The validity of the thin-
element approximation on which the analysis is based is
discussed in Section 5. Conclusions are given in Section
6.

2. APPROXIMATE APPROACH
The suggested model assumes that for given working pa-
rameters, the scalar theory and the thin-element approxi-
mation are valid (for justification see Section 5). In ad-
dition, the number of available lithographic masks is
assumed to be large enough.

The diffraction efficiency of an N-phase-level DOE is
determined according to

hN 5 F sin~p/N !

p/N G2

. (1)

The maximal value of N is given by

Nmax 5
l

~n 2 1 !R
, (2)

where l is the designed illumination wavelength, n is the
refractive index, and R is the depth resolution of the fab-
rication equipment. However, the spatial bandwidth
product may also limit the number of available phase lev-
els. Therefore the dependence of the maximal phase lev-
els in the spatial bandwidth product should be developed.
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The phase function of a refractive parabolic lens, which
is the first approximation of a spherical lens, is given by

f 5
2p

l
@F 2 ~F2 2 r2!1/2#, (3)

where F is the focal length of the lens and r is the lateral
(or radial) coordinate. The bending angle of the lens (u),
which is measured from the optical axis, can be related to
the lens phase function by

ukuusin~u!u 5 Udf

dr
U, (4)

where uku is the magnitude of the wave vector. Therefore,
when Eq. (3) is substituted into Eq. (4), the resulting re-
fractive angle is given by

sin~u! 5
r

~F2 1 r2!1/2 '
r

F
. (5)

As will be explained below, the analysis is valid for lenses
with F-number of F/5 or more. Thus r < 0.1F, and the
error caused by using the above approximation is mar-
ginal. The first-order diffractive angle is given by the
grating formula

d sin~u! 5 l, (6)

where d is the grating period. Therefore the period of the
diffractive lens can be calculated by equating the diffrac-
tive angle and the refractive angle:

d 5
lF

r
. (7)

As can be seen, the period becomes smaller for larger
values of r. Therefore the number of phase levels might
also be affected by the limited spatial bandwidth product.
If we define a new parameter B—the minimal feature
size—the local maximum number of phase levels NmL is
given by

NmL 5
d

B
5

lF

rB
. (8)

For the case of high depth resolution we can assume that
the diffraction efficiency is controlled by the lateral reso-
lution only. Therefore the local efficiency of the lens is
given by

hL~r ! 5 F sin~p/NmL!

p/NmL
G2

5 F sin~pBr/lF !

pBr/lF G2

. (9)

Assuming plane-wave illumination, the diffraction effi-
ciency can be approximated by integrating with respect to
the lateral coordinate,

h̄ 5
2

D
E

0

D/2

hL~r !dr 5
2

D
E

0

D/2F sin~pBr/lF !

pBr/lF G2

dr (10)

for a cylindrical lens and

h̄ 5
8

D2 E
0

D/2

rhL~r !dr 5
8

D2 E
0

D/2

rF sin~pBr/lF !

pBr/lF G2

dr

(11)
for a spherical lens, where D is the lens diameter. Simi-
lar expressions are also given in Ref. 6.

The solution of these expressions is given by

h̄ 5 2S lF

pBD D 2F cosS pBD

lF D 1 SiS pBD

lF D pBD

lF
2 1G (12)

for a cylindrical lens and

h̄ 5 S 2lF

pBD D 2Feulergamma 2 logS lF

pBD D 2 CiS pBD

lF D G
(13)

for a spherical lens. Where the constant eulergamma
5 0.57721,

Si~x ! 5 E
0

x sin~t !

t
dt

and

Ci~x ! 5 eulergamma 1 log~x ! 1 E
0

x cos~t ! 2 1

t
dt.

We now define a quality parameter Q 5 (BD)/(lF) so
that these expressions can be simplified:

h̄ 5
2

pQ2 @cos~pQ ! 1 Si~pQ !pQ 2 1# (14)

h̄ 5 S 2

pQ D 2Feulergamma 2 logS 1

pQ D 2 Ci~pQ !G . (15)

For 0 , Q , 1, Eqs. (14) and (15) can be replaced by the
following polynomials:

h̄ > 1 2 0.27Q2 1 0.045Q4, (16)

h̄ > 1 2 0.4Q2 1 0.068Q4 (17)

for the cylindrical and the spherical cases, respectively.
The error caused by using the polynomial approximation
is negligible.

3. MORE ACCURATE CALCULATION
The expressions given in Section 2 for the efficiency of the
diffractive lens are not completely accurate, for three
main reasons:

1. The scalar theory and the thin-element approxima-
tion were assumed to be valid.

2. Limited depth was ignored, and this decision needs
justification.

3. Continuous rather than discrete spatial depen-
dence of the phase levels was assumed [integration rather
than summation in Eq. (10)].

In the following, a more accurate calculation is per-
formed. Although scalar theory and the thin-element ap-
proximation are still used, the other two approximations
are now removed.
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As discussed above, the available number of phase lev-
els is limited either by the number of masks or by the lat-
eral resolution. As can be seen from Eq. (7), the period
size of the lens becomes finer toward the edges. Thus the
diffractive lens contains regions with different numbers of
phase levels. Therefore the efficiency of the lens should
be calculated as a weighting sum of the contributions
from each of these regions:

h̄ 5 (
NL5Nmin

Nmax

gNL
hNL

, (18)

where Nmin is the minimal number of available phase lev-
els, Nmax is the maximal number of phase levels [given by
Eq. (2)], gNL

is the weighting coefficient of each NL phase
level that exists, and hNL

is the efficiency of that region
[per Eq. (1)].

Since N, the number of phase levels, is an integer, Nmin
is determined by the minimal feature size available, ac-
cording to

Nmin 5 H fixS 2lF

BD D 5 fix~2/Q ! if 2/Q , Nmax

Nmax otherwise
J ,

(19)
where Q 5 (BD)/(lF) is the newly defined quality factor
and fix(x) rounds the value of x to the nearest lower inte-
ger.

Assuming plane-wave illumination, the contribution of
each NL is given by the relative area of the lens, which
has NL phase levels. Therefore gNL

can be calculated ac-
cording to

gNL
5 E

rmin

rmax

drY E
0

D/2

dr 5
2

D
~rmax 2 rmin! (20)

for cylindrical lenses and

gNL
5 E

rmin

rmax

rdrY E
0

D/2

rdr 5
4

D2 ~rmax
2 2 rmin

2 ! (21)

for spherical lenses, where rmax and rmin bound the region
in which NL phase levels exist.

Using Eq. (20), which relates the lateral location r to
the period d, we developed the following algorithm for cal-
culation of the boundaries in Eqs. (20) and (21):
rmin 5

0, rmax 5 D/2, Nmin 5 Nmax if NL 5 Nmax < 2/Q

lF

B~NL 1 1 !
, rmax 5

lF

BNL

if 2/Q , NL , Nmax

lF

B~NL 1 1 !
, rmax 5 D/2 if NL < 2/Q

0, rmax 5
lF

BNL

otherwise ~ if NL 5 Nmax . 2/Q !

. (22)

By substituting the results of Eq. (22) into Eqs. (20) and (21), one obtains the value for gNL
:

gNL
5 5

1 if NL 5 Nmax < 2/Q

~2/Q !
1

NL~NL 1 1 !
if 2/Q , NL , Nmax

1 2
1

NL 1 1
~2/Q ! if NL < 2/Q

1

NL
~2/Q ! otherwise ~ if NL 5 Nmax . 2/Q !

(23)

for a cylindrical lens and

gNL
5 5

1 if NL 5 Nmax < 2/Q

~2/Q !2
2NL 1 1

@NL~NL 1 1 !#2
if 2/Q , NL , Nmax

1 2
1

~NL 1 1 !2 ~2/Q !2 if NL < 2/Q

1

NL
2 ~2/Q !2 otherwise ~ if NL 5 Nmax . 2/Q !

(24)

for a spherical lens.
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Up to now, only plane-wave illumination was assumed.
However, the case of Gaussian illumination is more rel-
evant for many optical systems. In order to use the ob-
tained results for Gaussian illumination, we should re-
place Eqs. (20) and (21) with

gNL
5

E
rmin

rmax

exp@22~r/w !2#dr

E
0

D/2

exp@22~r/w !2#dr

5
erf~rmaxA2/w ! 2 erf~rminA2/w !

erf~D/wA2 !
, (25)
gNL
5

E
rmin

rmax

r exp@22~r/w !2#dr

E
0

D/2

r exp@22~r/w !2#dr

5
exp@22~rmin /w !2# 2 exp@22~rmax /w !2#

1 2 expF2
1

2
~D/w !2G , (26)

respectively.
With Eq. (22) the obtained weighting coefficients are
gNL
5

¦

1 if NL 5 Nmax < 2/Q

erf S A2

Q

D

w

1

NL
D 2 erf S A2

Q

D

w

1

NL 1 1
D

erf S D

w

1

A2
D if 2/Q , NL , Nmax

1 2

erf S A2

Q

D

w

1

NL 1 1
D

erf S D

w

1

A2
D if NL < 2/Q

erf S A2

Q

D

w

1

NL
D

erf S D

w

1

A2
D otherwise (if NL 5 Nmax . 2/Q)

§
, (27)

gNL
5

¦

1 if NL 5 Nmax < 2/Q

expF22S 1

Q

D

w

1

NL 1 1 D 2G 2 expF22S 1

Q

D

w

1

NL
D 2G

1 2 expF2
1

2 S D

w D 2G
if 2/Q , NL , Nmax

expF22S 1

Q

D

w

1

NL 1 1 D 2G 2 expF2
1

2 S D

w D 2G
1 2 expF2

1

2 S D

w D 2G
if NL < 2/Q

1 2 expF22S 1

Q

D

w

1

NL
D 2G

1 2 expF2S D

w D 2G
otherwise (if NL 5 Nmax . 2/Q)

§
. (28)
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It can be noticed from Eqs. (27) and (28) that the be-
havior of the diffractive lens is now determined by the ra-
tio D/w, in addition to Q. It can be shown [by using the
Taylor first-order expansion erf (x) ' x and exp(x) ' 1
1 x] that in the limit of w @ D, those equations become
the plane-wave equations. On the other hand, for the
case of w ! D, gNmax

→ 1, so that maximal efficiency is
obtained. This is of no surprise, since only a small por-
tion of the energy reaches the edges of the lens, while
most of it passes through the center where the number of
phase levels is highest.

4. COMPUTER SIMULATIONS
Several computer simulations have been carried out to
calculate the efficiency of the diffractive lens and to com-
pare the approximated and the more accurate ap-
proaches. Figures 1 and 2 show the diffraction efficiency
versus Q for a cylindrical and a spherical lens, respec-
tively, based on the approximate approach. The diffrac-
tion efficiency of cylindrical and spherical lenses as a
function of Q and Nmax for the case of plane-wave illumi-
nation is shown. The results of the more accurate model
(per Section 3) can be seen in Figs. 3 and 4, respectively.
One can notice that the efficiency obtained is lower than
that obtained with the approximate approach. This is
due to both the limited value of Nmax and the use of sum-
mation rather than the integral. In addition, for low Q
as well as low Nmax values, a plateau is reached, because
although the lateral resolution is high enough to allow
more phase levels, these are unobtainable because we
have reached the assumed Nmax limit.

The case of Gaussian illumination is shown in Figs. 5
and 6, which depict the efficiency of cylindrical and
spherical lenses versus Q on the basis of the more accu-
rate approach for four Nmax selections: 4, 8, 16, and 32.
Fig. 1. Efficiency versus Q based on the approximated approach for a cylindrical lens. Solid curves, complete term; dashed curves,
polynomial approximation. (a) Full scale, (b) zoom.

Fig. 2. Efficiency versus Q based on the approximated approach for a spherical lens. Solid curves, complete term; dashed curves,
polynomial approximation. (a) Full scale, (b) zoom.
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Several D/w values were examined: (a) 0.5, (b) 1, (c) 3,
and (d) 5. It is evident that for high D/w values the ef-
ficiency improves significantly with respect to the case of
plane-wave illumination because of the relatively larger

Fig. 3. Efficiency versus Q based on the accurate approach for a
cylindrical lens (Nmax 5 4, 8, 16, 32).

Fig. 4. Efficiency versus Q based on the accurate approach for a
spherical lens (Nmax 5 4, 8, 16, 32).

Fig. 5. Efficiency versus Q for Gaussian illumination based on
the accurate approach for a cylindrical lens (Nmax 5 4, 8, 16, 32).
(a) D/w 5 0.5, (b) D/w 5 1, (c) D/w 5 3, (d) D/w 5 5.
contribution of the central zone of the lens, in which more
phase levels are available. On the other hand, for low
D/w values no significant difference can be seen, as ex-
pected.

Fig. 6. Efficiency versus Q for Gaussian illumination based on
the accurate approach for a spherical lens (Nmax 5 4, 8, 16, 32).
(a) D/w 5 0.5, (b) D/w 5 1, (c) D/w 5 3, (d) D/w 5 5.

Fig. 7. Error caused by using the approximate approach versus
Q and Nmax for a cylindrical lens.

Fig. 8. Error caused by using the approximate approach versus
Q and Nmax for a spherical lens.
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To determine the regions (in the parameter space) in
which the approximate approach can be used, two error
maps are presented: the error as a function of Q and
Nmax in Figs. 7 and 8, respectively. The error is defined

Fig. 9. Diffraction efficiency of a binary grating versus d/l.
as the relative difference between the approximate and
the more accurate approach, according to

error 5
uhaccurate 2 happroxu

haccurate
* 100. (29)

Those figures can serve as a guideline for proper calcu-
lation of the diffraction efficiency. The calculation of the
diffraction efficiency with the approximate approach is
straightforward, whereas the computer algorithm should
be applied for use of the more accurate approach. There-
fore it is much more convenient to use the approximate
solution, and thus the importance of the above figures is
clear. It can be seen that for both types of lenses, the ob-
tained error is low for large values of Nmax (at least 16)
and low Q values (less than 0.4). On the other hand, for
Nmax 5 4 (or less), the approximations deviate signifi-
cantly from the accurate results. Significant deviations
occur also for Q values larger than 0.7. However, at
present, high values of Nmax can be easily achieved, and
many practical lenses can be characterized by a Q value
lower than 0.4. Therefore for many practical cases the
approximate approach can be safely used.
Fig. 10. TE phase front of the outgoing wave for several values of d/l. Solid curves, real phase profile; dashed curves, desired binary
phase profile.
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5. VALIDITY OF THE THIN-ELEMENT
APPROXIMATION
Throughout the mathematical development in this paper,
both the scalar theory and the thin-element approxima-
tion have been used. The thin-element approximation
assumes that the field beyond the DOE is obtained by
multiplication of the incident field and the phase function
of the DOE. Such an assumption is valid only for struc-
tures with lateral dimensions much larger than the wave-
length. How much larger should this be?

To define the region in which the thin-element approxi-
mation is still valid, we calculated the field just beyond a
binary grating, using rigorous coupled-wave analysis10,11

(RCWA) as a function of d/l, and we evaluated the first-
order diffraction efficiency (neglecting Fresnel reflec-
tions). The results shown in Fig. 9 are very similar to
those given by Noponen et al.12 It can be seen that for
d/l . 6 the efficiency converges to the value predicted by
the scalar theory and the thin-element approximation.
For a qualitative measure, it may be instructive to evalu-
ate the error caused by using the thin-element approxi-
mation by observing the phase front of the outgoing wave
calculated by the RCWA approach and to compare it with
the square-wave phase front predicted by the thin-
element approximation. The TE phase front of the out-
going wave calculated by the RCWA approach for several
d/l values is given in Fig. 10. It can be seen that besides
Gibbs phenomena (due to the finite number of harmonics)
the phase front is almost a square wave for d/l 5 10 and
d/l 5 20. Indeed, even for d/l 5 5 the phase front is
not far from the desired one. It can be said that that the
thin-element approximation can be safely used for cases
in which d/l > 10. For the case of a large number of
phase levels, a higher ratio is recommended. However,
for the case of d/l ' 10, a large number of phase levels
can be obtained only by using very small feature size. By
limiting our analysis to minimal feature size of 2.5l (;1.5
mm for the visible region) no more than four phase levels
can be used at the edge of the lens. As can be seen also in
Ref. 12 the case of four phase levels can be treated by the
thin-element approximation, assuming d/l > 10.

As can be seen from Eq. (7), the period at the edge of
the lens is given by d 5 2@(lF)/D#. Therefore F/D
5 (1/2)(d/l) > 5; i.e., the analysis is valid for lenses of
or F/5 or higher.

6. CONCLUSIONS
A detailed analysis of the diffraction efficiency of a diffrac-
tive lens has been carried out. Approximations as well
as more accurate results were given. Plane-wave and
Gaussian illumination were discussed. For the plane-
wave-illumination case, the error of using the approxima-
tions as a function of the lens parameters was calculated
and was presented by error maps. The region (in the pa-
rameter space) in which the approximate approach is still
valid can easily be found by using these maps. It was
shown that for many practical cases, a lens can be de-
scribed by one parameter only, the quality parameter Q,
found to be equal to BD/lF or B/(lF#). The above re-
sults are valid for lenses with at least F5, with minimal
feature size of at least 2.5l.

ACKNOWLEDGMENTS
The authors thank the Ministry of Science and the Arts
for its support of this research in the framework of the
National Infrastructure Program. Uriel Levy thanks the
Ministry of Science and the Arts for an Eshkol fellowship.

Corresponding author David Mendlovic’s e-mail ad-
dress is mend@eng.tau.ac.il.

REFERENCES
1. R. W. Wood, Physical Optics (Macmillan, New York, 1934),

pp. 37–40.
2. W. B. Veldkamp, ‘‘Wireless focal planes on the road to ama-

cronic sensors,’’ IEEE J. Quantum Electron. 29, 801–813
(1993).

3. H. P. Herzig, Micro-optics: Elements, Systems and Appli-
cations (Taylor & Francis, London, 1997).

4. G. J. Swanson and W. B. Veldkamp, ‘‘High-efficiency, mul-
tilevel, diffractive optical elements,’’ U.S. Patent #4895790,
September 21, 1987.

5. W. H. Welch, J. E. Morris, and M. R. Feldman, ‘‘Iterative
discrete on-axis encoding of radially symmetric computer-
generated holograms,’’ J. Opt. Soc. Am. A 10, 1729–1738
(1993).

6. M. Kuittinen and H. P. Herzig, ‘‘Encoding of efficient dif-
fractive microlenses,’’ Opt. Lett. 20, 2156–2158 (1995).

7. J. Fan, D. Zaleta, K. S. Urquhart, and S. H. Lee, ‘‘Efficient
encoding algorithms for computer-aided design of diffrac-
tive optical elements by the use of electron-beam fabrica-
tion,’’ Appl. Opt. 34, 2522–2533 (1995).

8. C. Chen and A. A. Sawchuk, ‘‘Nonlinear least-squares and
phase-shifting quantization methods for diffractive optical
element design,’’ Appl. Opt. 36, 7297–7306 (1997).

9. V. Arrizon and S. Sinzinger, ‘‘Modified quantization
schemes for Fourier-type array generator,’’ Opt. Commun.
140, 309–315 (1997).

10. M. G. Moharam and T. K. Gaylord, ‘‘Rigorous coupled-wave
analysis of planar-grating diffraction,’’ J. Opt. Soc. Am. 71,
811–818 (1981).

11. M. G. Moharam and T. K. Gaylord, ‘‘Diffraction analysis of
dielectric surface-relief gratings,’’ J. Opt. Soc. Am. 72,
1385–1392 (1982).

12. E. Noponen, J. Turunen, and A. Vasara, ‘‘Parametric opti-
mization of multilevel diffractive optical elements by elec-
tromagnetic theory,’’ Appl. Opt. 31, 5910–5912 (1992).


