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Abstract: It is generally assumed that supertasks increase computational power. It is 
argued, for example, that supertask machines can compute beyond the Turing limit, 
e.g., compute the halting function. We challenge this assumption. We do not deny, 
however, that supertask machines can compute beyond the Turing limit. Our claim is 
that the (hyper) computational power of these machines is not related to supertasks, 
but to the “right kind” of computational structure.    
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1. Introduction 

 

There are many thought-provoking examples of machines that compute by performing 

supertasks. Some of these machines, it is argued, are “hyper-computers”: they have 

the ability to compute beyond the Turing limit. Our aim here is to examine the 

relations between supertasks and computational power. We argue that performing 

supertasks does not increase computational power. We do not deny that there are 

hyper-computers that perform supertasks. The claim, rather, is that the (hyper) 

computational power of these machines is not related to the performance of 

supertasks. Their extra computational power has to do with the fact that these 

machines have the “right kind” of computational structure.  
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 The term supertask refers in the present context to the execution of an infinite 

number of computation steps in a finite span of time (for a detailed discussion of 

supertasks, see Laraudogoitia 2009). The term computational power refers to the class 

of functions that can be computed by a device. When saying that “performing 

supertasks does not increase computational power” we mean roughly this: Take some 

computational structure, say a certain Turing machine, and conjoin it with a certain 

temporal pattering so that it is now a supertask machine. Think, for example, of the 

Turing machine (or a realization of it) as performing infinitely many steps in a finite 

span of time. The claim is that the computational power of this supertask machine is 

no larger than that of the original structure. The computational power of the 

accelerating Turing machine does not exceed the power of the “non-accelerating” 

Turing machine.  

 The plan of the paper is as follows: Sections 2-4 are about the accelerating 

Turing machine (ATM), which “is the work-horse of hypercomputation” (Potgieter 

and Rosinger 2009). When surveying the literature it was discovered that there are 

two very different notions of ATM. Sections 2 and 3 are about the notion that is 

defined by Copeland (1998a, 1998b, 2002). According to this definition, the ATM 

does not include limit stages. We claim that these machines do not compute beyond 

the Turing limit. Section 4 concerns the other notion of ATM, according to which the 

machine has a limit stage. These machines, we argue, have the same computational 

power as similar non-accelerating limit-stage machines, e.g., infinite-time Turing 

machines. Section 5 is an attempt to generalize the argument to relativistic machines, 

those that compute in the so-called Malament-Hogarth space-time structures. In 

Section 6 it is conjectured why we use supertask machines, given that they do not 

increase computational power.  
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2. Accelerating Turing machines without a limit stage 

 

What is an accelerating Turing machine? It turns out that the answer is ambiguous. 

One answer – which we consider first – refers to a Turing machine that performs tasks 

in an accelerated fashion. For example, it completes the first operation in one 

moment, the second in 1/2 of a moment, the third in 1/4 of a moment, and so on. As 

such, the machine can complete infinitely many computation steps in a finite span of 

time, and so can perform supertasks. The potential realization of an arbitrary process, 

in which each step takes half of the time of the previous step, is discussed in Russell 

(1915), Blake (1926) and Weyl (1949). But it was Ian Stewart who introduced the 

concept of an accelerating process in the context of a Turing machine: “Imagine a 

Turing machine with a tape that accelerates so rapidly that it can complete an infinite 

number of operations in one second” (Stewart 1991:664). Jack Copeland was perhaps 

the first to coin the term accelerating Turing machine: “Imposing the Russell-Blake-

Weyl same temporal pattering upon a Turing machine produces an accelerating 

Turing machine” (Copeland 1998a:151). 

 Copeland does not provide a formal definition, but he does emphasize that the 

ATM is “a Turing machine pure and simple” (2002:294), and the only difference is 

the temporal pattering of acceleration. Copeland (1998b) also provides an elegant 

example of an ATM that arguably computes the halting function. The halting 

function, it will be recalled, accepts as an argument the pair (m,n) and returns ‘1’ if 

the mth Turing machine (one can think of m as the code of the machine, or as the index 

of the machine in some enumeration) halts on input n, and returns ‘0’ otherwise. The 

halting function is an example of something that cannot be computed by a universal 
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Turing machine. If the so-called Church-Turing thesis is true, then the halting 

function is not computable by means of any algorithm whatsoever.  

Copeland introduces an accelerating universal Turing machine (AUTM) for 

computing the halting function. AUTM, being a universal machine, can compute 

everything that can be computed by any other Turing machine. The idea behind 

universality is wonderfully simple. Since the program of a Turing machine is finite we 

can encode it into a string of 0's and 1's, and feed the finite code paired with binary 

data as an input to the universal machine. The universal machine scans the code and 

simulates the operations of the encoded machine on the given data. Thus when getting 

a pair of arguments (m,n), as an input, AUTM simulates the operations of the Turing 

machine, m, as operating on input n.  

 AUTM includes two more ingredients as part of its program. One is an 

instruction that initializes a designated output cell on the tape with '0', which means 

"never halted" (we can think of this initialization as the first atomic operation that 

AUTM performs). Another is a controller, which is a finite set of instructions whose 

task is to tell, after each simulated operation, whether the simulated machine has 

halted. If the simulated machine did halt, the controller changes the symbol in the 

output cell from '0' to '1', which means "halted", and terminates the simulation. 

 Overall, then, AUTM works as follows:  

• It gets as an input a pair of arguments (m,n), where m is the code (or 
index) of a Turing machine, and n is the input to that machine. 

• It initializes a designated output cell on the tape with '0', which means 
"never halted". 

• It simulates the operations of the machine, m, operating on input n, 
step-by-step. 

• After each simulated operation, it examines whether the simulated 
machine, m, has halted. 

• If the simulated machine did halt, it changes the symbol in the output 
cell from '0' to '1', which means "halted", and terminates the 
simulation.  
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 It is important to note that, thus far, the specified machine does not compute 

the halting function. The specified machine returns '1' if the simulated machine, m, 

halted, and returns no value otherwise. If the simulated machine, m, never halts, the 

specified simulating machine keeps working forever. It never arrives at a halting (end) 

state, for it keeps simulating the operations of m.  

 However, AUTM is an accelerating machine: it performs a supertask. It takes 

one moment to perform the first atomic operation, half a moment to perform the 

second operation, a quarter of a moment for the third operation, and so on. If the 

simulated machine never halts, it takes AUTM 1 + 1/2 + 1/4 + 1/8 +… moments to 

simulate the entire operations of the encoded machine. It will thus take AUTM no 

more than two moments to complete the entire simulation. After at most two moments 

of time, the output cell will show the halting state of the simulated machine: it will 

show '1' if the simulated machine has halted and '0' otherwise. Thus, Copeland argues, 

AUTM computes the halting function.  

 

3. AUTM does not compute the halting function 

 

As Copeland notes, the claim that AUTM computes the halting function is seemingly 

paradoxical: "there is, of course, an air of paradox about this" (Copeland 2002: 290; 

see also Svozil 1998). On the one hand, an accelerating Turing machine is “a Turing 

machine fair and square” (p. 295). On the other, AUTM computes something – e.g., 

the halting function – which, provably, is not Turing machine computable. How can 

we resolve the paradox? Fraser and Akl (2008) deny that an accelerating machine is 

really a Turing machine fair and square: "The accelerating machine cannot be 

considered a Turing machine, since the Turing machines operate on discrete time 
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intervals" (p. 84). Our strategy is different. We agree that AUTM is a Turing machine. 

Our claim is that AUTM does not compute the halting function. That AUTM 

accelerates, and performs a supertask, makes no computational difference.  

Why not? The reason is this: According to the textbook definition, a Turing 

machine computes the (defined) value of the function f for some argument, x, just in 

case the machine reaches an end-stage at which the value of the function f(x) is 

printed in a designated output cell (the printing operation itself can take place at some 

previous stage – the important point is that the value of the function appears in the 

designated output cell at the end-stage). The end-stage might consist of a specific halt 

state (Lewis and Papadimitriou 1981:172), but there are other means to indicate that 

the machine has halted (Boolos and Jeffrey 1980: 22-23; Turing 1936). The raison 

d’être of the end-stage requirement is apparent: If a machine does not reach an end-

stage, the value in the designated output cell can be altered at some future stage of the 

computation; and so there is no hope to define, properly, when the machine computes 

the value of the function. Assuming this, we can say that AUTM computes the halting 

function just in case the following conditions are satisfied: (i) AUTM reaches an end-

stage at which the value ‘1’ is printed in the designated output cell if the machine m 

halts on input n; and (ii) it reaches an end-stage at which the value ‘0’ is printed in the 

designated output cell if the machine m does not halt on input n.   

But AUTM does not satisfy the second condition. The description of AUTM 

specifies what would be the configuration of the machine after one moment, then after 

a one and a half of a moment, then one and three quarters of a moment, and, in 

general, after 2 – (½)k-1 moments of time (whereas k is the kth computation step). It 

specifies what would be the configuration of the machine in every moment in the 

semi-open time segment [0,2). Thus when the simulated machine never halts, no end-
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stage of AUTM is forthcoming. No stage prior to the second moment is a good 

candidate for being an end-stage. Each stage that precedes the second moment is 

followed by infinitely many other stages of machine computation.  

The upshot is that AUTM is doing no better than its non-accelerating cousin, 

which, we saw, does not compute the halting function. When the simulated machine 

halts, AUTM returns the value ‘1’, but when the simulated machine never halts, 

AUTM does not have an end-stage and returns no value. Acceleration and supertasks 

make no computational difference.   

One may argue that there is an end-stage, which is at the second moment. 

After all, it can be argued, the halting state of the simulated machine, be it ‘0’ or ‘1’, 

appears in the designated output cell after two moments of time. There are two 

problems with this suggestion, however. One is that the configuration of the machine, 

and thus the values in the tape in the second moment, is not part of the specification of 

AUTM, which applies only for the time segment [0,2). As Benaceraff (1965) has 

taught us, the specification of the machine's operations, in the time segment [0,2), 

implies nothing about the value in the output cell after two moments. Whatever 

appears in the output cell after two moments, be it '0', '1' or gibberish, is just 

consistent with the AUTM specification (otherwise, you get Thomson-like paradoxes: 

for the question then becomes what is printed after two moments in the output cell of 

ATM that computes the partial sums of the infinite series 1,-1,1,-1,… ?; for further 

discussion see Shagrir 2004).   

Moreover, the configuration of the machine at the second moment cannot be 

part of the specified AUTM. To qualify as a state of a Turing machine, the 

configuration of each stage, α+1 – namely, the program's condition (m-

configurations) qn, the symbols on the tape, and the location of the read/write head – 
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is completely determined by the configuration of the previous stage, α. As Turing put 

it, the "possible behavior of the machine at each moment is determined by the m-

configurations qn and the scanned symbol ξ(r)" (1936:117). But the value in the 

output cell after two moments of time cannot be determined by the configuration of 

the previous stage. This is because there is no stage, α, that precedes a second 

moment stage, α+1. There are infinitely many stages between any given stage that 

precedes the second moment and the configuration of the machine after two moments. 

Thus the state of the output cell, after two moments of time, cannot be part of a Turing 

machine. 

  One may object to the assumption that there must be an end-stage at all. 

Copeland, for one, argues that it is enough that "the machine can produce values from 

arguments (for all arguments in the domain), displaying each value at a designated 

location some pre-specified number of moments after the corresponding argument is 

presented. The machine may or may not halt once a value has been displayed" 

(2002:296); this is what he labels “external computation”. We discuss the issue of 

external computation elsewhere (Copeland and Shagrir, forthcoming). Here it will just 

be noted that we do not object to the idea of external computation. The difficulty is in 

defining “the pre-specified number of moments”. It cannot be a number short of two 

moments because the machine can always alter the value of the output immediately 

after this number. And it is not trivial to point to the second-moment stage, since this 

stage is not part of the specified Turing machine (at least when the term Turing 

machine refers to the abstract object studied in theoretical computer science; for a 

detailed discussion see Copeland and Shagrir, forthcoming).  

 In closing this section, let us make clear what we do not claim. First, we do not 

dispute the claim that AUTM performs a supertask, namely, completes infinitely 
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many steps in a finite span of time. It certainly does: if the simulated machine never 

halts, AUTM completes the simulation, which consists of an infinite number of 

operations in just two moments. The claim is, rather, that the (super)task that AUTM 

performs is exactly the task performed by its non-accelerating counterpart. It returns 

‘1’ if the simulated machine m halts and returns no value if the machine m never halts. 

AUTM just performs the very same task in a finite span of time.  

 Second, our claim is not about the physical feasibility of supertasks. It is 

doubtful that AUTM itself is physically feasible (for discussion see Steinhart 2003 

and Fearnley 2009). But we can assume for the purpose of the argument that the tape 

somehow survives the acceleration, even if the rest of machine is gone (Copeland 

2002:289). The output cell might show ‘0’, ‘1’ or ‘17’; if we think of the machine as a 

physical one, this is dictated by the physical properties of the system and by the laws 

of nature. Our only claim is that whatever is on the tape after two minutes is not part 

of the description of AUTM.  

Third, we do not challenge the concept of hypercomputation, namely, of 

machines that compute functions that are not Turing computable. On the contrary, in 

what follows we discuss other supertask machines that do compute the halting 

function. The only claim is that AUTM itself is not a hyper-computer, and it does not 

compute the halting function. 

  

4. Accelerating Turing machines with a limit stage 

 

Interestingly, there are others who define accelerating Turing machines to include a 

second moment limit stage. Steinhart, for example, writes that “An ATM is a CTM 

[Classical Turing Machine] with an adjoined limit state” (2002: 272). On this view, 
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the adjoined limit state is some configuration of the machine as an end-stage, which is 

an essential part of the concept of an accelerating Turing machine. Steinhart goes on 

to specify possible definitions of an appropriate limit stage. Other precise definitions 

have recently been provided in Calude and Staiger (2009), Potgieter and Rosinger 

(2009), and Svozil (2009). The idea in general is of an infinite-time Turing machine 

where the value in the designated output cell is a limit of the previous values that this 

cell has displayed (Hamkins and Lewis 2000, and Hamkins 2002). Thus the machine 

might work as follows. At the semi-open time segment [0,2) it is just the AUTM 

specified above, namely, it operates in a classical manner in the sense that "the 

classical procedure determines the configuration of the machine… at any stage α + 1, 

given the configuration at any stage α" (Hamkins 2002:526). At the second moment, 

however, "the machine is placed in the special limit state, just another of the finitely 

many states; and the values in the cells of the tapes are updated by computing a kind 

of limit of the previous values that cell has displayed" (ibid.). Let us call this machine 

AUTM+, to distinguish it from AUTM.  

AUTM+ differs from AUTM in two important respects. First, AUTM+ can 

compute the halting function. We can easily set it up such that when halting after two 

moments, it exhibits, at its output cell, the halting state of the simulated Turing 

machine. The value at the second moment is ‘1’ just in case the machine altered, at 

some point before the second moment, the value of the output cell from ‘0’ and ‘1’, 

and then halted. The value at the second moment is ‘0’ otherwise; this value can be 

seen as the limit of the series of the values that were written in the cell at the stages 

that preceded the second moment.  

Second, AUTM+ is not a Turing machine. It no longer has the computational 

structure of a Turing machine. The reason it is not a Turing machine was mentioned 
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before. One of the machine's stages, α+1, is not completely determined by the 

configuration of the previous stage, α. Its second moment limit state, α+1, is not 

determined by “the classical procedure”, given the configuration at stage α. This is 

simply because there is no such the preceding stage α. There are infinitely many 

stages between any given stage that precedes the second moment and the second 

moment limit stage. Thus the second moment limit stage is not and cannot be a stage 

of a Turing machine. 

 As noted, AUTM+ is a hyper-computer, yet its extra computational power has 

little to do with acceleration and supertasks. After all, there are non-accelerating 

machines with an adjoined limit state that have exactly the same (hyper) 

computational power as our AUTM+. Infinite-time Turing machines can compute the 

halting function. They have the same computational structure as the accelerating 

machines, but they do not use acceleration or supertasks; they operate in transfinite 

time. And, of course, we can define other non-accelerating hyper-machines, which 

share the same computational structure without mentioning time in any essential way 

(Cohen and Gold, 1978). All this indicates that the extra (hyper) computational power 

of AUTM+ stems from computational structure and not from acceleration. AUTM+ 

can compute “the uncomputable” simply because its computational structure includes 

a limit stage (in the final section we discuss the objection that transfinite time 

machines are computers at all). 

  

5. The argument extended: Relativistic machines  

 

We have considered two setups of supertask machines, namely, the two kinds of 

accelerating Turing machines. It is now time to examine the extent to which the 
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argument applies to other setups of supertask machines. There are at least three kinds 

of additional setups: accelerating machines with a hooter (Copeland 2002), shrinking 

machines (Davies 2001, Beggs and Tucker 2006, Schaller and Svozil 2009), and 

relativistic machines (Pitowsky 1990, Hogarth 1992). When computing the halting 

function, the three setups share some essential features. They all involve a universal 

machine (or several machines) that simulates the operations of the mth Turing machine 

operating on input n. We can think of this simulating machine as a Turing machine, or 

a realization of it. In this respect, the setups do not differ from the accelerating 

machines discussed earlier. The three setups, however, are also equipped with another 

component, separate from the simulating machine(s), whose main role is to detect a 

signal from the simulating machine(s). The meaning of this signal is that the 

simulated machine halts on the input n. We shall focus on the relativistic version of 

this setup, leaving it to the reader to apply the argument to the other two setups.  

 Relativistic machines are constructed in the context of certain space-time 

structures in General Relativity known as Malament-Hogarth structures; e.g., anti de 

Sitter space-times. In essence these devices rest on the observation that there are 

solutions to Einstein’s equations according to which there are space-times with the 

following property. The space-time includes a future endless curve γ with a past 

endpoint q, and it also includes a point p, such that the entire stretch of γ is included in 

the chronological past of p. This property, it is argued, enables all sorts of infinite 

computations in a finite span of time, ones that cannot be achieved by a standard 

Turing machine. Pitowsky (1990) discusses the possibility of deciding open 

mathematical problems such as Goldbach’s conjecture.  Hogarth (1994:127-133) 

points out the non-recursive computational powers of such devices. He also notes that 

which functions are computable depends on the properties of the space-time. More 
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recently, Etesi and Németi (2002), Hogarth (2004), Welch (2008) and others further 

explore the computational powers of these structures, within and beyond the 

arithmetical hierarchy. We discuss here a variant of the setup suggested in Shagrir and 

Pitowsky (2003) for computing the halting function; but the setup is not essentially 

different from the ones suggested by others.  

 Our machine, RM (for relativistic machine), consists of a pair of Turing 

machines, or of their “physical implementations”. The two Turing machines, TA and 

TB, are in communication. TB moves along γ, and TA along a future-directed curve that 

connects the beginning point q of γ with p. The time it takes TA to travel from q to p is 

finite, while during that period TB completes the infinite time trip along γ. This 

physical setup permits the computation of the halting function. One feeds TA with 

input (m,n). TA prints ‘0’ in its designated output cell, then sends a signal with the 

pertinent input to TB. TB is a universal machine that mimics the computation of the mth 

Turing machine operating on input n. In other words, TB calculates the Turing-

computable function f(m,n) that returns the output of the mth Turing machine 

(operating on input n), if this Turing machine halts, and returns no value if this Turing 

machine does not halt. If TB halts, it immediately sends a signal back to TA; if TB never 

halts, it never sends a signal. Meanwhile TA ‘waits’ during the time it takes TA to 

travel from q to p (say, two minutes). If TA has received a signal from TB it prints ‘1’, 

replacing the ‘0’, in the designated output cell. One way or the other, the output cell 

shows the value of the halting function after two moments of time (of TA). It is ‘1’ if 

the mth machine halts on input n, and it is ‘0’otherwise.  

This construction is considered to invoke a supertask, since our RM, which 

consists of the two communicating Turing machines, performs infinitely many 

computation steps in a finite span of time; the infinitely many steps (when needed) 
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consist of those that are executed by TB, and the finite span of time is considered here 

from the point of view of TA. This sort of supertask is known as a bifurcated supertask 

(Laraudogoitia 2009). That our machine consist of two communicating Turing 

machines is not essential. We could replace TA by an observer, a signal detector, or the 

like. There are other features that are essential, however. One is that the machine that 

computes the halting function must have an additional component to TB, one that can 

detect the halted-signal sent from TB. The other essential feature is that this 

component be located in the finite-time trajectory from q to p. The supertask is 

defined with respect to this finite-time of the additional component.  

The construction of RM, in terms of the two communicating machines, is 

helpful when discussing the relations between supertasks and computational power. 

At first glance, it seems that performing supertasks increase computational power. 

RM, one might argue, is just a pair of communicating Turing machines. A pair of 

communicating Turing machines, under standard time scales, computes no more than 

what is computable by a single Turing machine (see, e.g., Gandy 1980). In particular, 

such a pair, when no supertask is involved, cannot compute the halting function. Still, 

our RM does compute the halting function. It thus seems that the feature responsible 

for the computational leap, from the computable to the “uncomputable”, is the 

supertask; this supertask feature, it appears, is the only difference between RM and a 

“standard communication” between Turing machines.  

But performing a supertask is not the only difference. Let us look more 

carefully at the computational structure of RM. One feature of RM is that it always 

reaches an end-stage. After two moments of time, the halting state of the simulated 

machine is displayed in the designated output cell of TA; at this moment, we recall, TB 

no longer exists. A second feature of RM is that it consists of two machines, TA and 
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TB, and some communication devices. Thus when talking about the configurations of 

RM, we must take into account the configurations of TA and TB. We cannot ignore the 

configurations of TB, for example; if we do, we cannot say that RM performed a 

supertask and computed the halting function. Likewise, we have to take into account 

the communication between the machines. In particular, we have to take into account 

how and when the configuration of one machine determines the configuration of the 

other machine.  

A third feature of RM is implied by the first two. It is that the end stage of RM 

cannot be described as a stage α+1, whose configuration is completely determined by 

the preceding stage, α. This is simply because there is no such preceding stage, α, at 

least when the simulated machine never halts. What would be such a preceding stage 

α? It cannot be the initial, “print ‘0’” stage, as it was followed by infinitely many 

stages of TB. And it cannot be some stage of TB, as each such stage was followed by 

infinitely many others. One could stipulate a “decision moment” of TA, in which it is 

decided whether to replace the ‘0’ by ‘1’ (as in Shagrir and Pitowsky 2003); but this is 

just to shift the problem to the “decision moment”; now it is this “decision moment” 

that cannot be described as a α+1 stage.  

We can conclude that RM cannot be described in terms of “standard 

communication” between Turing machines. When the communication is standard, 

then each stage of the communicating machines is a α+1 stage whose configuration is 

completely determined by that of the previous stage α (only the initial stage need not 

satisfy the requirement); see, for example, the very general and detailed definition of 

Gandy (1980), who describes the parallel computation of unbounded computing units, 

some even using overlapping resources. In fact, we could describe the end-stage of 

RM as some sort of a limit stage. As in an infinite-time Turing machine, the output 
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value ‘0’ is “calculated” as a limit of the values that this output displayed in the 

preceding stages; at each such stage the value is ‘0’ as long as no signal was sent after 

each of the infinitely many stages of TB that preceded the end-stage of RM. Thus RM 

can be seen as yet another variant of an infinite-time Turing machine. 

One way or another, it now seems, yet again, that the hyper-computational 

power of RM has little to do with supertasks; it has to do, rather, with the fact that RM 

has an end-stage. On the one hand, if we remove the end-stage of RM, as in the 

original AUTM, then we shall have “standard communication” between Turing 

machines. The RM-minus-the-limit-stage machine still performs a supertask: TB still 

goes through infinitely many steps. Yet RM no longer computes the halting function: 

it has no end-stage in which it returns the value ‘0’. On the other hand, it seems that 

we can easily describe the setup of RM in transfinite time (or just using ordinals), 

perhaps in terms of infinite-time Turing machines. This newly specified machine has 

the same computational structure as RM, and it computes the halting function, yet it 

does not perform a supertask.  

 

6. Why supertasks? 

       

Supertasks are intellectually fascinating. They are discussed extensively nowadays in 

the context of computing machines. But why do theoreticians and practitioners find 

supertasks so appealing if they make no computational difference? Two conjectures 

are put forward here. One is that supertasks are motivated by epistemic principles. 

Mainly, supertasks increase our knowledge about the computational properties, e.g., 

halting states, of some machines. That there are constructions of machines that 

compute the halting function in transfinite time is theoretically intriguing but 
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practically futile. We want machines that are useful to us, ones that not only provide 

answers in principle, but ones that provide answers in real time. Supertasks are useful 

in this context in that they can provide answers beyond the Turing limit in a finite 

span of time. As such, supertasks increase our knowledge in ways that other 

theoretical constructions, such as infinite-time machines, do not (There are those who 

will resist the idea that supertask machines generate new pieces of knowledge. The 

objection is that knowledge requires the surveyability of all the steps of computation; 

but obviously we cannot survey the infinitely many computation steps and see that 

they were executed in a proper way. We address this issue elsewhere, arguing that the 

demand of surveyability is too strong in this context; see Shagrir and Pitowsky 2003.) 

 The other conjecture is that supertasks are related to a constraint on physical 

computation. This conjecture is motivated by the fact that supertasks are invoked in 

the context of physical machines. There is always a lengthy and lively discussion 

about the physical feasibility of supertask machines; see, e.g., Earman and Norton 

(1993) and Andréka, Németi and Németi (2009) for a discussion of relativistic 

machines. This might suggest that supertasks have to do with a constraint on physical 

computation. The constraint is that a physical computer must complete its task in a 

finite physical time. There is no such constraint on a computing system in general. We 

have no difficulty conceiving of the infinite-time Turing machines as computing 

machines even though they complete some tasks in transfinite time (Löwe, 2001, 

Hamkins 2002). But it might be the case that the notion of physical computation does 

not allow the task to be completed in infinite time; it must be completed in a finite 

span of time. Supertasks are useful in this context as they allow hard problems to be 

completed that no physical machine can compute without performing a supertask.  
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If this conjecture is valid, it has interesting implications for the notion of a 

physical computer. Though never defined precisely, the assumption has been that a 

physical computer is just a computing system that acts in accordance with the laws of 

nature. Put differently, a physical computer should satisfy two sets of constraints: (a) 

it should be a computing system, whatever that means; and (b) it should be a physical 

system, obeying the principle of Newtonian mechanics and/or of General Relativity 

and so forth. But the conjecture, if valid, suggests that there is another constraint to be 

satisfied. The additional constraint is that the machine, as a physical system, should 

complete the task, when the output is defined, in a finite span of time. This constraint 

is not imposed on computing machines in general, e.g., infinite-time machines. It is 

also not related to laws of nature; after all, we do let (ideal) machines run to infinity 

when they do not halt, e.g., the machine TB in the relativistic case. Thus if the 

conjecture is valid, we invoke supertasks in order to satisfy this additional constraint 

on physical computation. Supertasks are invoked when our physical computer 

performs a task whose completion requires infinitely many computation steps. 

The two conjectures are related. The first, epistemic, conjecture is about 

computers we can use, presumably physical ones. The second conjecture is about a 

constraint on physical computers. But there are also some differences. The epistemic 

conjecture does not imply that a machine is a physical computer only if it completes 

the task in finite physical time. It does not rule out physical machines that compute, 

say, in transfinite time. The conjecture, rather, is that we have a special interest in 

those physical computers that complete the task in a finite span of time. Our special 

interest stems from epistemic reasons, namely, that we want to know the answer. 

Supertasks are invoked in this context not because they make something a physical 
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computer, but because they make some physical computers useful for us; supertasks 

enable us to access the outputs of these machines.  

The second conjecture makes the further step, suggesting that the completing-

the-task-in-finite-time constraint is an ontological constraint. The conjecture is that a 

machine cannot possibly be a physical computer unless it completes the task in a 

finite span of time (when the values are defined). In particular, a physical machine 

computes the halting function only if it displays the values of the function in a finite 

physical time. According to this conjecture, supertasks allow some physical machines 

to be computing machines; without performing a supertask, a physical machine 

cannot compute the halting function.  

Lastly, one might suggest that supertasks make a computational difference. 

The conjecture is that a computer must return the values of the function in finite time. 

The abstract idea of a transfinite computing is important for theoretical purposes. But 

we have real computing (ontologically speaking) only if we can embed this theoretical 

idea in some (even if idealized) physical process. The suggestion, in other words, is 

that we cannot detach the abstract idea of computing from a potential physical 

realization. The distinctions between epistemic and ontological computing and/or 

abstract and physical computing are not as clear-cut as presented above. The concept 

of supertask plays an important role in making the theoretical concepts of hyper-

machines real computers, and, in this sense, increases computational power. 

Responding to this suggestion requires a further analysis of the concept of computing, 

which is not within the scope of this paper. I will just note that this suggestion does 

not undermine my main thesis that the leap from Turing machines to hyper-machines 

requires a change in computational structure. What it shows is that the "right kind" of 

computational structure does not suffice; you also have to embed this structure in a 
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supertask process. If this conjecture is correct, we can only conclude that supertasks 

alone do not increase computational power.  We leave it to the reader to decide about 

the viability of the three conjectures.  

 

7. Summary 

 

We have assessed the assumption that supertasks increase computational power. We 

examined several instances of supertask machines. We argued that the accelerating 

Turing machines without a limit stage compute exactly the same functions computed 

by their non accelerating counterparts; in particular, they do not compute beyond the 

Turing limit. We then examined the accelerating Turing machines with a limit stage. 

These machines compute beyond their Turing limit, but not beyond the limit of their 

non-accelerating counterparts, e.g., infinite-time Turing machines. We extended the 

argument to other supertask machines, examining in more detail the case of 

relativistic machines. We finally attempted to locate the significance of supertasks in 

the epistemic and physical aspects of computing. Our arguments focused on the 

halting function alone, but we believe that the arguments are general and extend 

beyond the halting set.     
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