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but the algebra of even a simple problem of Eurnover optimization is quite

complicated. I wish to show EhaE Ehe analysis of such a problem is not only

complicaEed but al-so illuminating. The discussion in Ehe paper is restricted

to a two period problem, buE the main findings are exE,ended to t,hree

periods. Hiring and t,raining costs are incurred only at Ehe entry poinE--on

the day of recruitrnent, (sometimes called period zero). It is shown thaE in

this model, as long as the discount fector is unity (zero interesE)--the wage

scale will be rising, wiLh the wage paid in Ehe second year higher than in the

firsE. The wage scale does not necessarily rise, and it may even decline,

when the interest raE,es are positive. It is also shovrn that the wage paid in

Ehe second period may be higher t,han the marginal producE, of labor since the

benefits Eo the firm of the worker staying for another period come boEh in

product and in reduced training. We concLude that the model developed may

indeed explain seniority premium, but it is not 1ikeLy that its underlying

assumptions are the sole explanation. Given the richness and t.he complexity

of labor relations, thi.s shourd noc come as a surprising conclusion.

The discussion follows Collier and KnighErs. The definirion of the

probl"em and some of the analytical tool-s are borrowed from their

presenEation. The findings, however, are not all- the samel buE the paper is

noE writE,en as a syctematic criticism of Ehe CoIlier and l(night analysis.

Prel iminaries

To make E,he noEion of a 2-period analysis clear and

the fol-towing assumpt,ions. A firm hires workers on December

The workets are identical-. Once hired, Lhey are trained at a

firm and Ehus acquire firm specific capital. The workers do

precise, we make

31 each year.

cost T to Ehe

not invest Eime
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into account thaE he may quit at the beginning of the second year. Therefore,

92 should appear as an argumenE in q1O. This possibility is disregarded in

equation (1). Non-zero int,eresE rateg and expected future quits are

introduced below.

!{e consider Ehe firm with a given number of workersr E, and at the

steady stat,e. The firm recruits each year RE workers (n is the percentage

share of new recruits). The workforce cohorts are

O) E, = ER (t-qr)

E, = ER 11-91) (l-qr)

The total number of workers

(3) E=Er+E,

from which the steady state recruitment rate is

(4) R = [11-e1) + (l-q1)(l-qz)]-1

Given the size of the Labor force, the firm's objective is Eo

minimize cosE per worker, including cost of training T,

(5) z = R [T + wr11-91) + w2(1-qr)(1-qZ)]
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+ = n2(r-cr)
,Q2

Rearranging (7), incorporating (8),

(e) * = n2(z-tr)r,91

3' 
=. n2{r-cr)r + x21t-er)2(wr-wr)

'o' 
= (rraining cost effect) + (wage rate effect)

An increase in either g1 or g2 raises t,he recruitmenE raEe and t,herefore Ehe

total training cost of the firm . The training cost effect of a change 'n ql

is approximarely double Ehar of a change 'n q2[Q-qz)>2(t-qr) if qrs2qrJ

because a laborer qui.tting at, the beginning of the first year creaEes a Eero

cohort vacancy to be filled by new trainees. Ar Ehe same t,ime, a change in

Q1--the rate of quitting before ever st,arting work--does not affecE the

cohort-seniority distribuEion and does not affect, Eherefore, the wage bill- of

the firm. A change 'n qz changes the cohort distribution and, if w1 * w2,

changes t,otal- rdage payment..

The first order conditions derived from equations (6) can now be

writEen as

(10) - n2r(r-orrtr = R(l-cr)

- t2rI Q-a.r)tr . (l-q1,#] - R2(r-er)2(o,r--r,tr = R(r-cr)(r-qry
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minimized z in (5) subject to lrl = ,2 = ;. Let the seniority pay be x

(small) such that w2 = tl * r. From the constraint equilibrium the firm moves

Eo a seniority pay regime by setting w1 = ; - x/2, vr= i * *lZ. Such a

change wilL have two desirabl-e effects on the firm: iE will reduce total wage

bil1r because the first cohorE is larger t,han the second, and iE \rill reduce

92, In general, a move to seniority pay wiLl also have an undesired effect--

the aforementioned reducEion in firsE period utility and, consequently,

increased quitting. However, aE the constrained equilibriun point at which w1

= ,2, this undesired effect is negLigible for small values of x.

More rigorousl-y, we wish Eo show that iz/02 > 0, which in t,urn

implies Ehat (11) holds.

(11) * r Y for minimtrm z, subject to wl = $r2drl dnz

It al-so means

dz
(12) *1 ' o

dz:- <0
on2

The equality w, = w, implies by eq. (1), aer/aw, - 3Qf/Bwrr and rhar (11) can

be rewrit,Een, using (10),

(11') R(1-q1) > n2t(l-qr)tr + R (1-q1)(l-er)

oq^
!2' *t%
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firmrs objective is to minimize zla,

(14) zls = n[t + wr(l-er) + wr(l-qr) (t-qr)]/o

where C1() is defined by (i3) and c2O is stil1 defined as in (1). The

controts are again, w, and w2.

Equations (13) and (14) demonsErate Ehe difference in the effect of

discounting on the firm and on the worker. For the worker, a seniority scale

means deferred payments. The firm is onLy affected by t,he total cost of

labor. Inter-cohort shifts of wages, so l-ong as they do noE affecE total

labor cost, ds not affec'u directly the firmf s cost (indi.rectly ttrey do, by

modifying quit raEes),

Given o (a constant), minimizing zla is minimizing z La (14).

Start the analysis, again, from a minimization constrained to w, = *2" Noting

that

oq, oe,
(15) ;i = ;j " for w, = *zo'z o*r I

equation ( l.1t ) can be rewrit,ten as

(i6) n2t(z-er, #(t-c) +n(l-er) > n2t(1-qr)*. R(1-cr)(t-qr1.,rw1 lron2

8er 2-9q 09,r
RT =-:(?-: )(f-q) + 1 , RT ;* + (l-qZ)

o*1 r-ql onz

.3gr Oer Z-j.c
q2 > Rr I fr ti,tor, (i-cr)l
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constant marginal producE and constant workfofc€. Under these assumptions,

the decision of the firm is divided into t$ro stages: (a) minimlze z in (5) or

in (14); (b) if z<m (m being the value of the marginal product) do not operaEe

Ehe firm, if z>m--operat,e.

It is quite simple analytically to incorporaEe in the discussion a

production funct,ion with decreasing marginal productivity of Labor and to let

Ehe firm expand employment, untiL the marginal cost of labor equals iEs

marginal product. However, since the algebra is cumbersome, and we are only

inEerested in finding whether !r2>m is possible, we adopt a simplified

approach.

Assume Ehat at the constrained minimum (orl=r2= i) of equation (5) ttre

solution is such Ehat z = mi on iEs labor account Lhe firm just breaks even.

AE this point, z = RT + ;. Disregarding for the moment changes in qi and

hence changes in R, if the firm sets the seniorit,y premium x ) 2RTr Ehen w, =

i**/2>*.
We cannot repeat now the steps that led to the inequality (11') since

Ehat anatrysis was appropriate only for small vatues of x. For large values of

N, the worker has to be compensaEed for deparEure from wt = *2. The

compensation, C, similar t,o risk premium, is approximated by the foLlowing
al

expressionj/

I ll-(is)c=-(;)!9
' u(w)
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assume EhaE marginat productivity of labor is decreasing, and that marginal

cosE of each laborer i changes in the length of the work day or the

working week are not possible). Then, in equilibrium z=m, and w2>m if (20)

holds.

There is no apparenE, reason why the inequality in (20) strould never

hold. [Ie conc]-ude therefore Ehat it is in principle possibl-e that the second

period wage will be higher than Ehe marginal product.

Ext,ens ions

We have seen thaE a rising wage scale in a firm with Ewo period

employment reduces turnover and shifts erages from t,he larger Eo the smaller

cohort. The same is true for a three cohort firm. Proof of the optimality of

seniority payments in a three period model is outlined in ParE B of the

Appendix. fn principle, t,here is no reason why the same considerations will

not apply in n cohort cases. Wherever Ehey aPPlYr wages will grow with

seniority even wit,h multi-period employment., Needless perhaps Eo add, this

conclusion rest,s on the simplifying assumptions embodied in the quit funcEions

of eq. (1) and their exEension Eo n periods. The effecE of positive raEes of

inEerest on changing opEimal wage scales will be stronger the longer the

prospective employment.

Another crucial apsumpEion of eq. (1) was that the possibility of

second period quitting does not influence qr. With expecEed fuEure quitt,ing,

the utility aE the beginning of employment is

(21) Uo = u(wr) + u(wz)(l-er)
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the probability of layoffs and firing and their effect,s on quir rares and

Eurnoser. These questions are beyond the comparatively narrow scope of the

present analysis 
"
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Also, note

I

(A.4) :; = - (t-cr)o, <o

a"=
Bw (l-ct)(z-qr) >O

Rearrange (A.2), using (A.3)

3z 3z 2z 3gl
(A.5) \ = -as 0w 3q, 3w

(-) (+) (+) (-)

By the first order condit,ions, since the firsE 2 expressions on the right-

hand-side in Ehe first Line of (A.2) are negaEive,

3z
_>
0w

And, in (4.5)

This proves that ), <0.

3z 0q,

rq, ow

2z _?z
3s 0w

,2'
3w
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I'OOTNOTES

* Hebrew University, Rehovot., Israel and The l'Iorld Bank, Washington DC.

Thanks are due t,o Ruth Klinov, Martin Paldam, Shlomo Yitzhaki and

anonymous readers for helpful comments.

1. The formulation of equations (1) to (4) is due Eo Collier and Knight

(1e86).

2" ExcepE in cases in which Ehe value of the marginal producE was reduced

unexpecEedly and, in the judgment of the firm, temporaril-y.

3. For detaiLs see Collier and Knighr (1986).
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